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ABSTRACT

We consider a stochastic variational inequality (SVI) problem with a continuous and monotone mapping
over a compact and convex set. Traditionally, stochastic approximation (SA) schemes for SVIs have
relied on strong monotonicity and Lipschitzian properties of the underlying map. We present a regularized
smoothed SA (RSSA) scheme wherein the stepsize, smoothing, and regularization parameters are diminishing
sequences. Under suitable assumptions on the sequences, we show that the algorithm generates iterates that
converge to a solution in an almost-sure sense. Additionally, we provide rate estimates that relate iterates
to their counterparts derived from the Tikhonov trajectory associated with a deterministic problem.

1 INTRODUCTION

Variational inequalities (VI) represent an immensely important object in applied mathematics and operations
research. Variational inequality models find application in capturing a range of optimization and equilibrium
problems in engineering, economics, game theory, and finance. GivenasetX C R" and amapping F : X — R",
a VI problem (Facchinei and Pang 2003; Rockafellar and Wets 1998) denoted by VI(X,F), requires a
vector x* € X such that F(x*)7 (x —x*) > 0, for any x € X. We consider a stochastic generalization of this
problem in which the components of the map contain expectations. We are interested in solving VI(X,F)
where mapping F : X — R”" represents the expected value of a stochastic mapping @ : X x Q — R”, i.e.,
F(x) = E[®(x,&(w))] where & : Q — R? is a d—dimensional random variable and with the probability
space (Q,.7,P). x* € X solves VI (X,F) if

E[®(x*,&(w))]" (x—x*) >0,  forany xeX.

For purposes of brevity, we let & denote &(w). While SVIs are a natural extension of their deterministic
counterparts, generally deterministic schemes cannot be applied directly unless the expectation of the
mapping can be efficiently computed. Our interest in this paper is pertaining to finding an exact solution to
such problems when the expectations are unavailable in a closed form. Consequently, Monte-Carlo sampling
schemes assume relevance. Stochastic approximation methods (SA) and sample average approximation
methods (SAA) are amongst the well-known solution approaches in this regime. Moreover, a recent
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approach for addressing approximate solution of SVI problems is the stochastic mirror-prox algorithm
(Juditsky, Nemirovski, and Tauvel 2011). That method allows for both smooth and nonsmooth problems
and optimal rate of convergence is attained for a constant choice of the stepsizes. SA methods, first proposed
by Robbins and Monro (Robbins and Monro 1951), were motivated by stochastic root-finding problems.
The goal in such problems is to find a vector x € R” such that E[g(x,&)] = 0, where & : Q — RY is a
random variable, g(-,£) : R" — R” is a continuous function for any realization of . The SA scheme is
based on the iterative scheme x;1 = x; — %g(xx, &) for all k >0, where . > 0 is the stepsize and & is
the realization of random variable & at k-th iteration .

A comprehensive review on SAA methods in the context of stochastic generalized equations has been
provided by Shapiro (Shapiro 2003). Xu investigated the application of SAA methods for the solution of
SVIs (Xu 2010). While SA methods have been extensively used in stochastic optimization regime (Ermoliev
1983; Kushner and Yin 2003; Cicek, Broadie, and Zeevi 2011), Jiang and Xu have recently introduced
employing SA schemes for solving SVIs (Jiang and Xu 2008). They considered the SVI problem with a
strongly monotone and Lipschitz mapping over a closed and convex set and provided global convergence
results. In an extension of that work, a regularized SA method is developed for solving SVIs with a
merely monotone and Lipschitz mapping (Koshal, Nedi¢, and Shanbhag 2010). In such a scheme, Lipschitz
property of the mapping is still required. The main motivation of this work is addressing ill-posed SVIs
where both the strong monotonicity and Lipschitz property of F are either unavailable or cannot be shown.

Before proceeding, we consider the question of nonsmoothness. In a deterministic regime, most of
researchers contended with nonsmothness through introducing a sequence of smooth and approximate
problems (Facchinei, Jiang, and Qi 1999) or using conjugate and proximal functions (Nesterov 2005). A
challenge associated with applying such schemes in stochastic regimes is that they require a closed form
of the stochastic functions while such information may not be available. Our work is motivated by a class
of averaged functions first introduced by Steklov (Steklov 1907). Several researchers have employed this
approach in stochastic programming and optimization (Bertsekas 1973; Norkin 1993) and more recently
(Lakshmanan and Farias 2008; Duchi, Bartlett, and Wainwright 2012). It is well-known that given a convex
function f(x): R” — R and a random variable @ with probability distribution P(®), the function f defined
by f(x) £ [p f(x+ ®)P(®)dw = E[f(x+®)], is a differentiable function. Employing this technique
allowed us to address nonsmoothness in developing adaptive stepsizes SA schemes for stochastic convex
optimization problems and Cartesian SVIs in absence or unavailability of a Lipschitz constant (Yousefian,
Nedi¢, and Shanbhag 2012; Yousefian, Nedié, and Shanbhag 2013). A main difference between the present
paper and our preceding work is that here we let the smoothing parameter go to zero as the SA algorithm
proceeds. This enables us to reach the solution of the original problem rather than an approximate problem.
Our main contributions are as follows:

e Addressing nonsmoothness and absence of strong monotonicity: As mentioned earlier, the Lipschitz
property of the mapping has been among the main assumptions of much of the previous research.
Given an SVI problem, our main goal is to address ill-posed SVI problems by deriving the strong
monotonicity and Lipschitzian properties through employing regularization and local smoothing
techniques simultaneously.

o Convergence rate analysis: Our second goal lies in analyzing the rate of convergence for the proposed
SA method. Suppose {x;} is generated by our proposed SA method and sy is the solution to the
kth regularized and smoothed SVI problem, we derive a bound for the error E||x1 — si/|?].

The rest of the paper is organized as follows. Section 2 describes our proposed SA method and the main
assumptions of the problem. Section 3 gives the main theoretical results and properties of the proposed SA
method. In particular, the almost-sure convergence of the algorithm is provided. In section 4, we focus on
analyzing the convergence rate of the algorithm and derive a bound for a particular error of the scheme.

Notation: In this paper, a vector x is assumed to be a column vector, x’ denotes the transpose of
a vector x, and ||x|| denotes the Euclidean vector norm, i.e., ||x|| = vx"x. We use IIx(x) to denote the
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Euclidean projection of a vector x on a set X, i.e., |x—IIx(x)|| = minyex ||x —y||. We write a.s. as the
abbreviation for “almost surely”. We use E[z] to denote the expectation of a random variable z.

2 ALGORITHM OUTLINE

We consider the following algorithm where the sequence {x;} is generated by
X1 = Ty (o — (PO +21) + Mexx)) for all k > 0. (1

where {7y} is the stepsize sequence, {7} is the regularization sequence, z; € R”" is a uniform random
variable over the n-dimensional ball centered at the origin with radius & for any k£ > 0, and xp € X is a
random initial vector that is independent of the random variable & and such that E [||xo||?] < co. To have a
well defined @ in algorithm (2), we define the set X¢ as X¢ £ X + B, (0,&) where the scalar € > 0 is an
upper bound of the sequence {&} and B,(y,p) is defined as the ball centered at point y with radius p, i.e.
B,(y,p) ={xeR"||lx—y|| <p}. Welet SOL(X,F) denote the solution set of VI(X, F) and .%; denote the
history of the method up to time k, i.e., % = {x0,&0,&1,- .-, E—1,21,---,2%—1} for k> 1 and Fy = {x}.
Our first set of assumptions is on the properties of the set X, the mapping F, and random variables.
Assumption 1 Let the following hold:

(a) The set X C R" is closed, bounded, and convex;

(b) ®(x,&) is a monotone and continuous mapping over the set X¢ with respect to x for any & € Q;

(c) SOL(X,F) #0, i.e., there exists an x* € X such that (x —x*)TE[®(x*,&)] > 0, for all x € X;

(d) Random variables z; and &; are both i.i.d and independent from each other for any i, j > 0.

Remark 1 Boundedness of the set X implies that there exists M > 0 for which ||x|| <M for any x € X.
Moreover, an immediate consequence of continuity of the mapping ® over the bounded set X is that there
exists C > 0 for which ||®(x,&)|| < C for any x € X*. Taking expectations on both sides of the preceding
inequality and using Jensen’s Inequality, we have ||F (x)|| < C for any x € X°.

Remark 2 By introducing stochastic errors wy, algorithm (1) can be rewritten as the following

X1 = Iy (xk—}’k(F(Xk—i-Zk)-i-nkxk—i-Wk)), forall k>0
wi £ ®(xp +z1, &) — Fxe +2z1),  forall k> 0. )

Note that the implementation of the algorithm (1) requires evaluation of the mapping ®.

3 ALMOST-SURE CONVERGENCE

In this section, we present the main results of algorithm (2). After stating the main assumptions on
the stepsize, regularization, and smoothing sequences, we establish the convergence result by presenting
different properties of the algorithm.

Assumption 2 Let the following hold:
(@ {%}, {nk}, and {&} are strictly positive sequences for k > 0 converging to zero;

2
(b) There exists K1 > 0 such that % <0.5 (%;}cg!) for any k > K;, where n is the dimension of the
2 1

space and Kk =1 if n is odd and k¥ = % otherwise;
(¢) For any k >0, & < &, where € is the parameter of the set X?;

. 2 2
@ LPpme=c @ LPR <o 0 IF b (1 et ) <o @ Soal (1-a%) <=

() lim,e 2o =0 Q) limge o (1 _ %) =0: () limge gl —0.

Mk

Mk—1

Remark 3 Later in Lemma 5, we provide a suitable choice for the sequences {¥}, {1}, and {&} that
satisfies the conditions of Assumption 2.
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The following supermartingale convergence theorem is a key in our analysis in establishing the almost-
sure convergence of algorithm (2) and may be found in (Polyak 1987) (cf. Lemma 10, page 49).

Lemma 1 [Robbins Siegmund’s Lemma] Let {v;} be a sequence of nonnegative random variables, where
E[vo] < o, and let {04} and {u;} be deterministic scalar sequences such that 0 < o < 1, and p > 0 for
all k>0, Y50k =0, Yi o Mx < oo, and limy_,. g—i =0, and E[vii1|vo,...,vi] < (1 — o)+ Wy a.s. for
all £ > 0. Then, vy — 0 almost surely as k — oo.

Lemma 2 [Properties of the stochastic errors wy defined by (2)] Consider algorithm (2) and suppose
Assumptions 1(b) and (d) hold. Then, the stochastic error wy satisfies the following relations for any k > 0:

Eg[wi | 1] = 0 for any realization of z; and E[HwkH2 | F] < Cc?.
Proof. Let us assume that k > 0 is fixed. The definition of wy in (2) implies that
Ee[wi | Fa] = Bg[P(xk + 20, 8k) | Fa] — F (o + i) = F (i +21) — F (i + 1) =0,

where we used the independence of z; and &. To show the second inequality, we may write

Efllwell* | Z] = E[||®(xk + 2, &) — F (x +20) |* | Fi]

E|||®
E[I D0+ 26, &)1 | Z] +E[IF (i +2) 1P | Zi] — 2E [ (i + 2, §) T F (e + 21) | Fie] -

Since z; and &; are independent random variables (Assumption 1(b)), we can write
B[+ 2 &) F (s +26) | Fi] = B [Eg[@(u+ 2 &) | Zl Flu+2) | Fi] = E[IFu+20| | Fi]

From the two preceding relations and the definition of C in Remark 1, we obtain the desired result.  [J

Next, we present a Lemma stating that the local smoothing technique preserves the monotonicity
property. The proof of this Lemma is straightforward and is omitted.

Lemma 3 Suppose mapping F : X¢ — R”" is monotone over the set X¢. For k > 0, consider mappings
Fj.: X — R where Fy(x) = E[F (x4 z)] and zx € R" is a uniform random variable defined on an n-dimensional
ball with radius & > 0 where & < € for k > 0. Then, the mapping Fj is monotone over the set X.

Remark 4 Lemma 3 implies that the mapping F; + 1m;I is strongly monotone. When the set X is closed
and convex, Theorem 2.3.3 of (Facchinei and Pang 2003) indicates that VI(X, F; + nI) has a unique
solution. Throughout this paper, we let the sequence {s;} be defined such that s; is the unique solution of
VI(X, F; + niI) for k > 0, where Fj : X — R”" is defined by Fj(x) = E[F (x+ z)].

The following proposition, presents a bound on the rate ||s; —s;—1||, convergence of {s;}, and the
Lipschitzian property of the approximate mapping Fy.

Proposition 1 [Convergence of {s; } and Lipschitzian property of F;] Suppose Assumption 1 holds. Consider
the sequence {s;} such that s, € SOL(X, F; + nI) for k > 0, where & < € for any k > 0. Then,

(a) Forany k> 1, ||sy —sp_1 | < 225 (1 - w) —I—M‘l — p|, where M and C are the norm bounds

Mk—1 max{€, 1}
on the set X and the mapping F respectively (Remark 1).
(b) Suppose SOL(X,F) # 0 and let the sequences {n;} and {&} go to zero. Then limy_,. s = x*, where
x* is a solution of VI(X,F).
(c) For any k > 0, the mapping F; is Lipschitz over the set X with the parameter x

nll C

WE, where Kk = 1

if nis odd and K = % otherwise.
Proof.  (a) Suppose k > 1 is fixed. Since s € SOL(X, Fy + n¢X) and s4_; € SOL(X, Fr—1 + Mk—11),

(st — )" (Fi(sx) + mese) >0 and (s —se1)7 (Fr_1 (se—1) + Mk_15%—1) > 0.
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Adding the preceding relations, yields (sy_1 — )7 (Fi(sx) — Fi—1(Sx—1) + Mksk — Mk—15%—1) > 0. By adding
and subtracting Fj_1(sg) + Mk—15k, we obtain that
(sk—1 = )" (Fie(ise) — Fee1 (1)) + (sk—1 — 5%)" (Fe—1 (%) — Feet (s56-1))
+ (M= Me—1) (st — s0) T se — et [l sk — st [|* > 0.

By monotonicity of Fi_, M1 [lsk —sk—1[1* < (se—1 =) (Fic(sk) = Fimr (58)) + (M = M) (511 = 530) s
By the Cauchy-Schwartz inequality and the definition of M, we obtain

M=t lIsk = se—1 || < [[Fe(sc) — Fim (s0) | + M| M1 — e 3)

Let p, denote the probability density function of the random vector z and suppose it is given by p,(z) = c,,len

fro any z € B,(0,€), where ¢, = 1_(2’731) In the following, we estimate the term || Fy(sx) — Fr—1(sx)||. First,
2

let us consider the case & < &_.

| F(sk) — Fi—1 (se)|| = H/RHF(Sk“‘Zk)Pu(Zk)de_/RnF(Sk +Zk—1)Pu(Zk—1)de—1'

1 1
= F(s+z dz—/ F(sk+z dz
/|z<sk (5 )cnel? (B (s )Cneziil
1 1 1
:/ F(sg+z2)——dz— / F(sg+2)— dz+/ F(si+2)———dz
lell<ex CnEf lell<ex Cn€f_y & <[lel<ei Cn€f_

1 1 1
< / F(sk+z)< —— — )dzHJr’/ F(sg+2)———dz
llzll < Cn€  Cn€_y &<l <& Cn€l |

1 1 1
< [ WG| =g~ | At [ I (st +2)| i,
llzll <e Cn€  Cn€_, &<zl <& Cn€
where in the third equality we used {z € R" | ||z]| < &—1} ={z € R" | ||z|| < &} U{z e R" | & < ||z|| < &—1}
when & < g1, and in the last two inequalities we made use of the triangle inequality and the Jensen’s
inequality respectively. By the definition of C in Remark 1, we obtain

1 1

| Fr(sx) — Fe—1(sx) || < C/

ll2ll <éx

1
n n n <
€l €l a<|lzll<e-1 Cn€_4

1 1 1 Ek "
=C(c,e") | — — Clc,e’  —c,e)—— =2C|(1—- — .
(cnf) <ek cne,:’_1> Clentir —endl) < (ek_1> >

Now, using relation (3), we obtain

2C "
usk—sklrs(l—ﬁ) )+M‘1—’7k .
Nk—1 Er—1 Ni—1

Since we assumed that & < &_;, we may write

n n—1
1—(8"> :(1—8"> <1+<8">+...+<8"> >§n<1—8">. )
-1 E—1 Ek—1 -1 Ek—1

Therefore when g, < &._;, from (5) and (4), the desired inequality holds for all £ > 1. Now, suppose
& > &_1. Following the similar steps above, one can check that if & > &_, then ||Fy(s¢) — Fr—1(sp)| <

2C <1 —( 8"—*‘)”) Therefore, ||Fy(sk) — Fr—1(sx)|| < 2nC (1 — —) implyingthe desired inequality.

& €k
(b) The proof is similar to the proof of Proposition 9 in (Yousefian, Nedi¢, and Shanbhag 2013).
(c) The proof can be done similar to the proof of Lemma 8 of (Yousefian, Nedi¢, and Shanbhag 2012). [J

4

Ek—1
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Next, we construct a recursive relation for the error between the iterate x;,; and its counterpart sy.
Such a relation is a key for the convergence analysis of the proposed algorithm.

Lemma 4 [A recursive bound for the error] Consider algorithm (2) where {7y}, {n«}, and {&} are strictly
positive sequences. Let Assumptions 1, 2(b), and 2(c) hold and suppose there exists K, > 0 such that for
any k > K,, we have My < 1. Then, the following relation holds a.s. for any k > max{K;,K>}:

1
E{[lxkr1 —sll* | Z] < <1 - 2’7k?’k> = skt [|* +2C° % +4MP 0

. 2 2
+16n2C2 <1— mm{s"’g"“}> L <1—n" ) L
max{&, &1}/ ME MY M-1/) MW

where K is given by Assumptions 2(b).

Proof.  Using the fixed point property of the projection operator at the solution s; € SOL(X, F; + niI),
we can write s; = Ix (s — % (Fx(sk) + Mk ) ). Employing the nonexpansiveness property of the projection
operator, the preceding relation, and algorithm (2), we obtain

3kt — siell® < e — Y (F (e + 2) + M+ wie) — sk + Ye(Fie(sic) + Miese) |2
= (1= M) ok — %) — Y (F (o +20) — Fi(se)) — %ewn) |2
= (1= ) llxx — scll* + Ve IIF (e + zi) — Fie(si) 1> + W llwie >

T
—29(1 — i) (o — )T (F (e + zi0) — Fie(sx)) — 2 ((1 — MYe) (X — sk) — Ye(F (o +21) — Fk(sk)>> Wk.
Adding and subtracting Fy(x;), we obtain

st = sell® < (1= 1e0)? 1 — sell> + RN F (a4 26) = Fiee) |17 + % | Fie (i) — Fe(si) |
+ 2% (F (i +26) — Fie (i) (Fre (o) — Fie(s)) + W lIwlI” — 20 (1 = 1) (e — )T (F (e + 20) — Fr(xx))

— 29 (1 — M) (oo — i) T (Fe(oee) — Fie(sx)) — 2 ((1 — M) (o — sk) — Ve (F (oo +2x) — Fk(sk))> TWk-

Taking the expectation in the preceding result conditioned on .%, using ||F (x; +z)|| < C, and F; is Lipschitz

with constant K(iu,, o (Proposition 1(c)), we obtain

[IIXk+1—sk!! | Z) < (1= mem)? e — il + BC*+ R Fe () |> = 20E[F (v + zx) | Fl” Fie()
+Y2< H8C> e — sel|* + 29 (E[F (e + zi) | Z] — Fe(ox)) T (Fe(ooe) — Fe(se)

+%E|| |W/<H2 | Zi] = 2%(1 — ) (e — )" (E[F (v + 2k | F)) — Fe(x))

=200 ) o )7 ()~ o) ~ 2 (1= w5 —50) = (Pl ) = o) ]

Note that Eg[wy | Fi] = E[wi | #] = 0 by Lemma 2 implying that the last term is zero. Therefore,
Term 1 = 0. Using the preceding result and E[F (x; + zx) | %] = Fx(xx), we obtain that

C 2
€l sl | #) < (1wl sl £ = RIRGIE +F (6550 © ) o l?

+RE[lwill* | Zic] =201 = mee) (e — ) (Fie(xe) — Fie(si)).-
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Since MY, < 1 forany k > K5, the term 1 — 1; Y, is positive. On the other hand, monotonicity of F; implies that
the term (x; — s;)7 (Fy (xx) — Fy(st)) is nonnegative. Therefore, 27 (1 — mive) (x — i) T (Fx(xx) — Fie(s)) >0
for any k > K. Using this, the preceding relation, and y,fHFk(xk) |?> > 0, for any k > K,

all C\?
E[ s — skl | ] < (1—2nm+nk72+72< T ))\ka—SkHer%?(E[HWkHZWkHCz)-

g

Using the definition of M in Remark 1 and the triangle inequality, we can write ||y —z|| < ||y|| +]z]| < 2M.
Taking this to account and using E[||w||* | %] < C? from Lemma 2, the preceding inequality yields

nl C\?
E[|brest — sell* | ] < (1—2nm+}'2< 1),,€>)!\xk—Sk|!2+2C2%3+4M2nk2%?- (6)

Note that the above inequality is not yet a recursive relation. To obtain a recursive relation, we need
to estimate the term |lx; — s¢|| in terms of ||xy —sx—1||. Using the triangle inequality, we can write
llxk — sk |l < ||xk — sk—1]] + ||sx — Sx—1||]- Therefore, we obtain

ek = sl <l = s 1?4 [ls = sk |12 4 2l = sl = sw—a |- @)

Using the relation 2ab < a® + b2, for a,b € R, we obtain that

HSk—Sk1H> 2 lsk—sia|?
2|8k — Sk—1 || ||xx — Sk—1]| =2 Xp — Sk— — | < Xk —Sp—1||”T+——.
sk = sk—1 [k — se—1 ]l = 2 (VT ¥l |k — sk 1”)( T MYl — sk—1]] —

Combining this result, Proposition 1(a), and (7), we obtain

2nC min{g; ek1}> ' >2 < 1 )
2 2 )
X —sil|c < (14 X —Sp—1||”+ 1— +M1—— 1+ —
L e ) (e
2nC min{g, &} 2
<(1+ Xp — S 2+2< (1— I 74 PR L R (8)
(e ok =i M1 max{&, & 1} Me-1]/ MYk
where in the last inequality we used 1+ @ < W as a consequence of %M < 1. Let us define g; =
1-2mn+ ykz ( (n"i'l'),, 8k> Now, inequalities (6) and (8) imply that for k > K,
E[[lvect —sell® | F] < ai(L+mewe) xe — sim1||> +2C* ¢ +4MPnE vt
2
2nC in{ &, &— 1
o | (1—““{ k Sk 1})+M‘1— — 9)
M1 max{&, &1} Me-1] | MY

a b

By Assumption 2(b), we can write for k > K|,

Yi (n— !l C\?  mn all C\? 3
5 205 < Sk et CN 3.
T[k8]3 _05( n''xC > :>72< n—l)” 8k> ) = znk}/k+'}’]3 K(n—l)!!gk < 2nk'}/k

Therefore, g <1 — 717,{7/,{ This implies that g (1 4+ M%) < (1 — ,m,k)( +Mmp) =1-— fnk}/k — 277k yk
1— —nkyk Using relation (9) and ¢, < 1 (which follows by g < 1 — nkyk), and the fact that for real
numbers a and b, (a+b)? < 2a®> +2b?, we conclude that the desired relation holds. O
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We are now ready to present the almost-sure convergence result.

Proposition 2 [Almost-sure convergence] Let Assumptions 1 and 2 hold. Suppose {x;} is given by
algorithm (2). Then {x;} converges to a solution of VI(X,F) almost surely.

Proof. From Assumption 2(a), ¥ and 7; go to zero. Thus, there exists a constant K, > 0 such that
%Mk < 1 for any k > K;. Let use define define sequences {vi}, {ax}, and {p} for k > max{K;,K,} given

by vk £ [lxk —si—i1ll, o = 1yemi and

Term 1 Term 2

W 22027 +4MPn 7/2+16n2C2<1—min{8k’8k1})2 : +4M2<1—’7k )21.
¢ max{& &1}, N2 M M) Mh

Therefore, Lemma 4 implies that E[vy.; | %] < (1 —og)ve+x  for k > max{Kj,K,}. To claim conver-
gence of the sequence {x }, we show that conditions of Lemma 1 hold. The nonnegativity of v, o, and p for
k > max{Kj,K,} is trivial. Assumption 2(d) indicates that the condition }; o = o is satisfied. On the other
hand, positivity of ¥ and 1y indicates that o < 1 holds for k > max{Kj,K>}. Since 1n; goes to zero, there
exists a bound 7 such that 1 < 7. Therefore, py < (2C? +4M*7?)y? + 16n*C*(Term 1) +4M?(Term 2).
Assumptions 2(e), (f), and (g) show that }/,f, Terms 1 and 2 are summable. Therefore, we conclude that

Uy is summable too. It remains to show that limkﬁmg—’; = 0. It suffices to show that limkﬁmaﬁ’; =0,
limg_ e TCI(‘XIZI L _ 0, and lim_... TeTHPZ = 0. These three conditions hold due to Assumptions 2(h), (i),

and (j) respectively. In conclusion, all of the conditions of Lemma 1 hold and thus ||x; — s/ goes to
zero almost surely. Moreover, since 1 and & go to zero, Proposition 1(b) implies that the sequence {s;}
converges to a solution of VI(X,F). Hence, we conclude that the sequence {x;} generated by algorithm
(2) converges to a solution of VI(X,F) almost surely. ]

This section is ended by providing a class of the stepsize, regularization, and smoothing sequences
that guarantees almost-sure convergence.

Lemma 5 Suppose sequences {7}, {n:}, and {&} are given by % = 1 (k+1)~% m = No(k+1)?, and
&g ==¢(k+1)"¢where a,b,c >0, a+3b<1, a>b+2c, a>0.5, and W, nNo, & are strictly positive
scalars and g = €. Then, sequences { Y}, {"M«}, and {&} satisfy Assumption 2.

Proof.  We show that each part of Assumption 2 holds as follows:
(a) Assumption 2(a) holds since a, b, ¢, 1, No, and & are strictly positive.

(b) To show that part (b) holds, we write k—fgk = ﬁ;“;f;; (1%)(;:1)—26 = (k+ 1)*(“*“2“)”:—‘%. Since a >

b+ 2c, then (k+ 1)~ (a=b=2¢) _, 0. Therefore, nk]; > — 0 implying that there exists K; > 0 such that
k

" 2
<0.5 <( )"> for any k > K. This indicates that Assumption 2(b) holds.

nkgk — n!'kC
(c) Part (c) holds because &, < & for any £ > 0 and & = €.
(d) Let us now check part (d) to see if it holds We have Y2 o M = N0 Lreo W Since a,b >0

and a+3b <1, then a+b < 1. Thus, Y7, k+1)u+h = oo, Therefore, Assumption 2(d) is met.

(e) To show that part (e) holds we need to show that ykz is summable. We have }/,(2 = yg(k—i— 1)*2“ and
2a > 1 since a > 0.5. Therefore, }/,3 is summable which means that condition (e) is satisfied.
(f) Note that sequences {1} and {&} are both decreasing. Therefore,

1 ' N\ 1 2 1 2
S (i mma Y (s Y (8 gy
N MYk max{&, &1} e MY -1 N3 Y -1
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It suffices to show that Term 1 is summable. First, we estimate 1 — kg—" We have 1 — gf—f] =1- &’(}f;i,l()ﬂ =

1— (k+1) =1- (1 k+1) Recall that the Taylor expansion of (1 —x)? for |x| < 1 and any scalar p is

given by (1—x)? = Z;'O:O(_l)j ( l; )xj =1-px+ p(p{ )2 — o= g(p72)x3 + ---. Using this expansion

for x = k+1 and p =c, we have 1 — k— =1- (1 _Ck+1 + c(c 1) (k+1)2 ) O(k™1). Therefore, from
o(k™2)

Tpk1) P O(k=(2=4=3b)) To have Term 1 summable, we
0

need to have 2 —a —3b > 1 or equivalently a+ 35 < 1. This holds by our assumptions.

(2) In a similar fashion that we used in part (f), we can show that 1 — % = O(k™'). Therefore,

2 -
Term 3 & T yk (1 - %) %@M = O(k~(2-27%)). To show that condition (g) is satisfied, we need
to show that Term 3 is summable. From the preceding relation, we need to show that 2—a—b > 1 or
equivalentlya+b < 1. Weassumedthata+3b < 1andb > 0. Thus, wehavea+b=a+3b—2b<1-2b < 1.
Therefore, O(k*(Z*”*b)) is summable and we conclude that condition (g) is met.

(h) We have % = T’;(é((];(ill)):(,l, = %(k—i— 1)‘(”_”). To show that % goes to zero when k goes to infinity, we

only need to show that a > b. We assumed that a+3b < 1. Therefore, b < 1(1—a). Since a > 0.5, the
preceding relation yields b < 10 5. Thus, b < 0.5 < a, implying that condition (h) holds.
(i) From the discussion in part (f), we have 1 — =% = O(k~ ) To show the condition (i), we write

1 (1 mil’l{Sk,Ek,l}

the preceding relation, we obtain Term 1 =

1
Term 4 & —— ) = Ok ") = ok (1-a=2b)y.
n,f}/k max{&, &1} 77570(“— 1)-a-2b (k™) ( )

Thus, it suffices to show that a+2b < 1. This is true since a+3b < 1 and b > 0. Hence, Term 4 goes to
zero implying that part (i) holds.

() We have Term 52 L |1— %‘ = WO(/«*I) = O(k~1=97)), Since a+3b < 1 and b > 0,
we have a+ b < 1, showing that Term 5 converges to zero. O

4 A BOUND FOR THE ERROR OF THE APPROXIMATE PROBLEM

In the second part of this paper, we focus on the rate analysis of algorithm (2). We begin the discussion by
a family of assumptions on the sequences. This set of assumptions are essential to derive a particular rate.

Assumption 3 Let the following hold:
(a) There exist 0 < 6 < 0.5 and K3 > 0 such that 7" < M (14 8Ny 1Yiy1) for any k > K3;

M+ gk

. sk _ min{&,&_1} .
(b) There exists a constant By > 0 such that ﬂf T (1 maX{ek,ekfl}) < By for any k > 0;

2
(c¢) There exists a constant B, > 0 such that m V3 (1 — %) < B, for any k > 0.

Remark 5 Similar to the result of Lemma 5, one can provide a feasible choice of the sequences that
satisfy Assumption 3. We omitted this result due to space limitations.

The following result, provides a bound on the error that relates the iterates {x;} and the approximate
sequence {si}. This result provides us an estimate of the performance of our algorithm with respect to the
iterates of the solutions to the approximated problems VI(X, F; + 1niI).

Proposition 3 [An upper bound for E[||xi.1 — s¢||?]] Consider algorithm (2) where {¥}, {n«}, and {&}
are strictly positive sequences. Let Assumptions 1, 2(b), 2(c), and 3 hold. Suppose {1} is bounded by 7
and there exists some scalar K; > 0 such that for any k > K> we have 1y < 1. Then,

Y
27

for any k > K, (10)
77k8k

Elllxen —sil?] <65
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where K £ max{Kj,K>,K3}, si is the unique solution of VI(X, F; + n¢I), K; and K3 are given by Assumptions
2(b), and 3(d) respectively. More precisely, relation (10) holds if

)

e 202 +4M>N2e? + 16n*C2B; +4M*B

0 — max 4M2771< ’ + n-e“+16n 1+ 2
Yz 0.5—-96

Proof. ~ We begin the proof by employing Lemma 4. Let us define ¢, = E [||xk — Sk—1 ||2] for k >

K + 1.Taking expectation in the relation of Lemma 4, we obtain a recursive inequality in terms of the mean

squared error between x| and s;. For any k > K + 1 we have

min{&, &1} Nk
1 (1 B max{sk-8k71}> 2 ( B m)
er1 < (1 B nm) e +2C° R +4MP N + 16n°C* ' +aAMT . (12)
+ 2 k Kk N MY Mk Ye

To show the main result, we use induction on k. The first step is to show that the result holds for k = K.
Using the definition of M in Remark 1 and the Cauchy-Schwartz inequality, we can write

e 1 = E[lg s —szl%] = Elxg ol = 20k, 5z + sz 7] < Eflbg 1 17+ 2lxgallllsell + sz 1]

2
_8_ _
<M o+ P | an TRk ) T
Yk ) Mk€g

_o2 _
Let us define 6z = 4M2n’;—§’3. Thus, the preceding relation implies that the main result holds for £k = K
with 8 = 0. Now, suppose ¢, < GM for K <t < k— 1 for some finite constant 8 > 0. We will show
that e; | < 6 y . Using the induction hypothe51s (12), and Assumptions 3(e) and (f) we obtain

|
epo1 < (1 — nm) 0l L oCR L amPniy + 16n2C2Y—]§Bl +4M2ﬁ’§32.
2 Mk—1€7_, & &

Using the Assumption 3(d) we obtain

1 2
epy1 < <1—2nkyk> (1+5nkyk)9nj:’;2 +2c2y,§+4M2n,§y,§+16n2c2§31+4M2(’;’;Bz. (13)
k k k

Note that we have

1 Ye Yi Y, ( ) 2
1—= 1+6 06— =0—--0=-)—~+06 ——40 2Cy; . 14
( 2’7k7’k>( +O0MYk) el e <2> + 0N + el 7+ % (14)

3
Using nonpositivity of — 8 (g) L, (13), (14) and by taking out the factor Zi;; it follows that
Term 1
1
el < en"’; + Z—k [—9 (2 - 5) +2C2%e? +4M* 7€ + 16n*C*B, —|—4M232] . (15)
k k

72

If we show that the multiplier of the term -% in the brackets is nonpositive for some 8 > 0, we obtain the

desired result. Note that {1} is bounded by 7} and Assumption 3(c) implies that & < £. By Assumption
3(d), we have (f — 5) > 0. Therefore if 6 > 2Cz82+4M2’72£0;1%"2CzB 1H4MB, , then Term 1 is nonpositive.
This implies that e; < 6 > and therefore the induction argument is done In conclusion, if 0 satisfies

relation (11), then relation (10) holds for any k > K. ]
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Remark 6 Proposition 3 provides an upper bound for the MSE between iterates of the algorithm (1) and
solutions of the approximate problems. However, in order to obtain the rate of convergence of algorithm
(1), we need an estimate of the error E[||sy —x*||?]. This question is not addressed in this paper and it is
a future direction to our work.

5 CONCLUDING REMARKS

We consider a stochastic variational inequality problem with monotone and possibly non-Lipschitzian
maps over a closed, convex, and compact set. Such problems may arise from stochastic nonsmooth
convex optimization problems as well as from stochastic nonsmooth Nash games. A regularized smoothing
stochastic approximation (SA) scheme is presented wherein the map is simultaneously regularized and
smoothed. A Tikhonov-based regularization ensures that the map is strongly monotone at every step with a
constant given by the regularization constant. Similarly, a convolution-based smoothing allows for claiming
that the map is Lipschitz continuous with a prescribed constant. In the resulting SA scheme, the steplength,
regularization parameter, and the smoothing parameter are all diminishing. By suitable choices of such
sequences, almost sure convergence of the scheme can be recovered. Additionally, an error bound is
provided that relates the error in the generated iterates and a suitably defined approximate solution.
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