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ABSTRACT

Simulation is an advantageous solution to calculate reliability of complex systems when analytical methods
are not able to deliver results in time or when we do not have the resources to apply analytical methods.
Proxel-based simulation has shown to be very efficient in reliability analysis of complex systems. In this
paper, we present a package called ftaproxim for proxel-based simulation of complex systems using fault
trees, developed in the R programming language. ftaproxim can calculate and plot instantaneous
unavailabilities of repairable events and the system as a whole.

1 INTRODUCTION

Proxel-based simulation was introduced by (Horton 2002) as a state-space-based analysis method for
Stochastic Petri Nets, which are analyzed using Discrete-Time Markov Chains (DTMC) as underlying
models. It computes the probabilities of all potential state changes in a deterministic way just like Markov
chains. However, it is not restricted to the use of exponential distributions. Supplementary variables are
used for the storage of the age information of enabled state transitions. The probability of state changes is
computed by means of the instantaneous rate functions of the associated distributions. The age information
is stored together with the discrete state and the probability, forming a Probability Element (short: proxel).
The proxel-based simulation method generates and tracks all possible developments of the system behavior
of the system for discrete steps over the simulation time. Rare events and the thereby reached system states
are guaranteed to be considered. The method has shown to be applicable for the numerical simulation of
stochastic Petri Nets, warranty models and Fault Tree Analysis (FTA) (Lazarova-Molnar et al. 2020;
Lazarova-Molnar and Horton 2003; Niloofar and Lazarova-Molnar 2021).

Fault trees are a type of graphical models modeled as Directed Acyclic Graphs (DAGs) whose leaves
model components failures and whose gates propagate failures (Vesely et al. 1981; Lee et al. 1985; Ruijters
and Stoelinga 2015). FTA investigates how component failures lead to system failures and provides
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methods and tools to compute a wide range of properties and measures. If the components of a system are
repairable, the fault tree that models the system is a repairable fault tree. If the system and its components
either completely function or fail, reliability analysis for this system has a binary perspective. Multi-state
fault trees have the same structure of regular fault trees, but the components or the system may have more
than two functioning levels (Lisnianski and Levitin 2003; Niloofar and Lazarova-Molnar 2022).

In this paper we present ftaproxim for FTA based on proxel-based simulation in R. For this package,
a fault tree is provided in terms of its minimal cut sets, along with reliability and maintainability distribution
functions of the basic events. ftaproxim then calculates instantaneous unavailabilities of the system for
every pointin its life time. Considering tools developed in R programming language, FaultTree (Silkworth
2020) is the only other package for FTA developed in R. There are also other commercial tools for analyzing
fault trees like CAFTA (Computer Aided Fault Tree Analysis) (EPRI 2013) and FaultTree+ (Isograph 1986)
programmed in other languages. An overview of the capabilities and limitations of some of the tools for
FTA are studied in Ruijters and Stoelinga (2015). Among these tools CAFTA can cope with various
probability distributions, including normal and uniform distributions. Also several of these programs allow
the analysis of dynamic FTs (Dugan et al. 1990). However, unlike ftaproxim, they are not able to compute
complete transient solutions for repairable or multi-state systems.

The rest of the paper is organized as follows: Section 2 presents proxel-based simulation, Section 3
provides implementation of the methods in R and, in Section 4 we conclude the paper.

2 PROXEL-BASED SIMULATION

Proxel-based simulation is a state space-based simulation method to compute transient solutions for discrete
stochastic systems. It relies on a user-definable discrete time step and computes the probability of all
possible single state changes (and the case that no change happens at all) during a time step. The target
states along with their probabilities are stored as so-called proxels. To account for aging (i.e. non-
Markovian) transitions, proxels contain supplementary variables that keep track of the ages of all active
and all race-age transitions. For each proxel created, the algorithm iteratively computes all successors for
each time step. This results in a tree of proxels where all proxels having the same distance from the tree
root belong to the same time step and all leaf proxels represent the possible states being reached at the end
of the simulation (Figure 1), which is defined as the total time (T).

Proxel-based simulation explores all possible future developments of the system, each with a
determined computable probability, based on the probability distribution functions that describe the
occurrence of the related events, as well as the time the transitions have been pending, in discrete time steps.
Proxel-based simulation determines all possible follow-up states and calculates the probabilities of the
corresponding state transitions. The proxel-based simulation is well-known for its ability to cope with stiff
models, as fault models typically are (Lazarova-Molnar and Horton 2003; Lazarova-Molnar 2005).

Assume that we are interested in obtaining the instantaneous unavailabilities for an event where the
reliability distribution function is Exponential with A = 0.1, and the maintainability distribution function is
Normal with u =2 and o? = 1. The first step is to simulate the proxels at each time step based on the possible
state changes and accordingly update the age intensity vector and calculate its probabilities. We use At to
denote the size of the time step.

The unavailability at each time step is the sum of the probabilities where the state of the proxel is Failure.
Now for the above mentioned distribution functions and At=0.1, p1, p2 and ps in Figure 1, take the values
in Equations (1)-(3), respectively.
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Figure 1: Proxel-based simulation framework.
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where Agelntp is the age intensity of proxel P. The unavailability vector for this event is now equal to (0,
pl, (1-p1)p2+pl(1-p3),...)= (0, 0.01, 0.0198,...).

Different choices for T and At, results in different estimated unavailabilities for the same basic event.
For instance, for a basic event with reliability distribution function Exp(0.1) and maintainability distribution
function Exp(1), unavailability is calculated as failure rate divided by (failure rate+ repair rate), that is
0.1/(0.1+1)=0.090909 (since both distributions are exponential, true unavailability value can be calculated
analytically). Table 1 shows the results for different choices of T and At.
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Table 1: Different choices for T and At affects the simulation results.

Total time Best At Best unavailability
1 0.01 0.06046
5 0.8,0.9 0.09091
10 0.1,0.2,...,0.9 0.09091

3 IMPLEMENTATIONINR

In this section, we describe in detail how the proxel-based simulation of a given fault tree can be
implemented in R (R Core Team 2021) using our developed R package called ftaproxim. This package
is freely available on GitHub (Haghbin and Niloofar 2021). We begin by introducing and demonstrating
the functions for a single basic event in a fault tree, in Section 3.1. In Section 3.2, we describe the
implementation for a complete fault tree.

3.1 ASingle Basic Event

Assuming that R and RStudio are already installed, one can install ftaproxim from GitHub through loading
devtools package (Wickham et al. 2021), running the following codes:

# install.packages("devtools")
devtools::install_github("parniSDU/ftaproxim™)
library(ftaproxim)

Once the package is installed and loaded, the next step is to define the basic events of the system under
study. Events can be binary or multi-state, and also repairable or non-repairable. Table 2 shows some typical
examples, classified as binary-repairable, binary-nonrepairable, multistate-repairable and multistate-
nonrepairable events with their transition probability distribution functions.

Table 2: Different types of events and the codes in R.

# Eventtype  Graph structure Matrix version R code
1 Blnary _Loghormal(2,03]__ oK F BE<-Tist(
repalrable 2 oK states=c("oK", "F"),
oK F NA  LogNormal(2,0.1) G=rbind(c(NA, 1),
£ Exp(2) NA c(1,NA)),
< P dist=c("Tnorm", "exp"),
T—Bp2) param=1ist(c(2, 0.1), 2)
)
2 Blnary- _Uniform(2, 5).__ OK F BE<-Tist(
nonrepairab T o [NA Uniform(2, 5)] states=c("ok", "F"),
le F 0 1 G=rbind(c(NnA, 1),
oK = c(0, 1)),

dist=c("unif"),
param=1ist(c(2, 5))
)
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3 Multistate- _Normal(2,0.1)_
. ™ BE<-Tist(
repalrable ’ * states=c("ok","1s","F"),
oK Is F G=rbind(c(NA,1,0),
OK IS OK[ NA  Normal(2,0.1) 0 c(0,NA,1),
15 0 NA Weibull(2,3) c(1,0,NA)),
f ;' F o |Exp(4) 0 NA dist=c("norm", "weibull","exp"),
\ / param=1list(c(2, 0.1), c(2, 3), 4)
\ / )
Exp(4) Weibull2, 3)
AN
“‘\ F Y
4 Multistate- _Normal(2,0.1)
H ¢ » BE<-Tist(
repalrable oK s 3 states=c("ok","1S","F"),
oK IS ok NA Normal(z0.1) Nermai(i000n] ~ G=rbind(c(NA,1,1),
15 |Weibull(2,3) NA 0 c(1,NA,0),
* F Exp(#) 0 NA c(1,0,NA)),
4 < Weibul(2, 3] dist=c("norm", "norm",
Normal(10, 0.01) '.vwm blf””'”e)(p")'
\ param=1ist(c(2, 0.1), c(10, 0.01),
Exp(d) c(2y: 3)y: 4)
X ¥ )
F
5 Multistate- Normal2,0.4)__ .
nonrepairab - BRI T ey s
Working idle Failed states=c("ok","1s8","F"),
le 0K IS Werkig (N Normal(2,0.1) 0 G=rbind(c(NA,1,0),
idle 0 NA Exp(4) c(0,NA, D),
| Failed 0 0 1 €(050,1))5
| dist=c("norm","exp"),
| param=1ist(c(2, 0.1), 4)
/ )
Exp(4)
/
Fo~

Each basic event, denoted as BE, is a list of four elements: states, G, dist and param, detailed as follows.
states is a vector of labels indicating the states of the BE. The syntax in R for vectors is c(x, y, ..). For
a binary basic event (i.e., rows 1 and 2 in Table 2) “ok” stands for working or functioning state, and “F” is
for a failed or not functioning state. For multistate events (i.e., rows 3-5 in Table 2), an intermediate state
“1s” can be added to the states’ vector. G defines the transition matrix of BE. For a basic event with n
number of states, G is a n by n matrix. The syntax for matrix in R is rbind(first row, second row,..)
ormatrix(c(x, y, ..), nrow=n).In this matrix, o indicates that no transition is possible, 1 shows that the
transition is possible, and the distribution is provided, NA means that the transition is possible, but the
probability is calculated based on other given distributions in the same row. For example, assume the
binary-repairable basic event displayed in Figure 2.
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Figure 2: (a) A binary-repairable basic event with LogNormal failure probability distribution and the
repair rate following an exponential distribution (b) Matrix version of the binary-repairable basic event
in (a).

For this basic event, the probability of staying in the working state, which is the transition probability from
“OK” to “OK” in the next time step (indicated by NA in the first row and first column of the matrix version
in Figure 2.(b)) is calculated as in Equation (4).

P(state; = OK|state,_, = OK) = 1 — P(state; = F|state;_; = OK) 4)

1 <At y f(Agelnt) )
1 - F(Agelnt)

where f and F are the probability density and the cumulative probability functions for the failure
probability distribution function LogNormal (transition from “ok” to “F”), respectively. The dist element
in BE is a vector of probability distribution functions, and, finally, param is a list of parameters for the
probability distributions defined in dist. Once an event is defined and the state transitions are specified,
instantaneous unavailabilities of the events can be computed using ProxelBE function in ftaproxim. The
user specifies the total time (totaltime), step size (delta) and tolerance level (tol) for the simulation.
Proxels with probabilities smaller than the given tolerance level are ignored. The output of ProxelBE (here
stored in UnavailabilityBE) is @ numeric vector of length totaltime divided by delta. Below is the
example code for calculating instantaneous unavailabilities of the basic event BE in row 1 of Table 2.

BE<-list(
states=c("OK", "F"),
G=rbind(c(NA, 1),
c(1,NA)),
dist=c("lnorm", "exp"),
param=1list(c(2, 0.1), 2)
)

# ProxelBE gains a numeric vector of length totaltime/delta
UnavailabilityBE<-ProxelBE(BE, "F", totaltime=50, delta=0.1, tol=le-7)

For multistate events, the second input, “F”, in ProxelBE can be replaced by “1s” to obtain the

instantaneous probabilities of the intermediate state. Figure 3 illustrates the plot of instantaneous failure
probabilities for BE. Failure probability for this event at time step 500 equals 0.0578.
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Figure 3: Instantaneous failure probabilities for BE in the first row of Table 2 using ggplot.

The unavailability vector of the multistate-repairable event in row 3 of Table 2, is also illustrated in
Figure 4. The unavailability of this event at time step 200 equals 0.0654.
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Figure 4: Instantaneous failure probabilities for the multistate-repairable component in row 3 of Table 2.

3.2 AFault Tree

A fault tree consists of two parts: qualitative part, including the structure of the fault tree in form of a DAG
(where no circles are allowed and all the edges are directed); and quantitative part, also known as
parameters, which concerns the failure and repair distribution functions of the leaves in the tree.

One way of formulating a fault tree structure is through its minimal cut sets. Cut sets indicate which
combinations of event failures lead to system failures. A minimal cut set is a cut set which has no subset
that is a cut set. Figure 4 displays a fault tree with 7 basic events and 3 types of gates. The minimal cut sets
for this fault tree are: {E, F}, {E, G}, {F, G}, {B, D}, C and A. The logical expression of the fault tree of
Figure 5 as a function of its minimal cut sets is given by the following expression:

TE= E.F+E.G+F.G+B.D+C+A
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We assume that A is a multistate-repairable event with the transition probabilities of the event in row
4 of Table 2, and other basic events’ transition probabilities follow the distributions in Table 3.

Table 3: Reliability and maintainability distribution functions of the basic events in Figure 5.

Basic  Reliability Maintainability
events distribution distribution

B Normal(0.1, 1) Gamma(1, 10)
C Uniform(0.1, 0.5) Exp(10)

D Normal(0.1, 1) Gamma(1, 10)
E Exp(0.1) Weibull(5, 2)
F Exp(0.1) Weibull(5, 2)
G Exp(0.1) Weibull(5, 2)

IE1

AND

Figure 5: A fault tree with 7 basic events, 4 intermediate events (IE) and 3 types of gates, the basic
event C is shaded to indicate that both leaves correspond to the same event.

f e’

@

o e

Once the basic events are defined as instructed in Section 3.1, instantaneous unavailabilities of the basic
events along with the top event (system), and their plot can be obtained using FTUna function. FTUna
function returns a list where the first element is a data frame of unavailabilities and the second element is
the plot for this data frame. Each column of the data frame belongs to an event, and the number of time
steps indicate the number of rows in the data frame. R codes to compute the unavailabilities and their plot,
for the fault tree of Figure 5 and the transition probabilities of Table 3, are as follows:
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BElist<-list(A, B, C, D, E, F, G)

names(BElist)<-c("A", "B", "C", "D", "E", "F", "G")

MCS<-1ist(c("E", "F"), c("E", "G"), c("F", "G"),
c("B", "D"), "C", "A")

x<-FTUna(BElist, MCS, totaltime= 10, delta= 0.1, tol= 1le-07)

# Data frame of unavailabilities
x$Unavailability

# Plots using ggplot
x$Plot

Figure 6 displays the plot element of the output returned by FTuna function. Unavailability of this
system is calculated as 0.2718. Computation times (in seconds) on a work station with 16GB RAM and
processor Core i7 2.8GHz for the this fault tree with T=10 and At =0.1 is 58.07 and for T=5 and At =0.1 is
12.68.

A= C @ E G
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B=-D:'=F TE
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@
>
Z
= 0.25 A T S e i ———
0.00- &= : _ : :
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Figure 6: Instantaneous unavailabilities of the basic events and the top event for the fault tree of Figure 5.

4  CONCLUSION

We presented ftaproxim library in R programming language that is freely available on GitHub. This
library computes instantaneous unavailabilities of basic events and the system using proxel simulation.
ftaproxim allows users to spot trends in the system’s unavailability since it calculates instantaneous
unavailabilities of the system for every point in its life time. Proxel-based simulation is not limited to
exponential distribution, and neither to binary events. Using ProxelBE function, the unavailability vector
of a single basic event can be obtained. To compute the same reliability measure for a fault tree where the
minimal cut sets are known, FTUna function can be utilized. This function also provides a plot of the
unavailability vectors for the system and its events. Reliability measures obtained using ftaproxim were
validated and compared with some of the fault trees studied in the literature while developing the package
was under process (Niloofar and Lazarova-Molnar 2021, 2022). For instance, for the Radio Block Center
fault tree (Flammini et al. 2005) where the basic events are binary-repairable following exponential
distributions, ftaproxim results confirm the ones reported in the literature. In general, since complete
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transient solutions cannot be calculated using other existing tools, there is no benchmark for the results
obtained from ftaproxim. ftaproxim can be improved to accommodate dynamic fault trees and parallel
computing for fast computation of reliability measures .
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