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ABSTRACT

We consider a convex stochastic optimization problem where both the objective and constraints are convex
but possibly complicated by uncertainty and nonsmoothness. We present a smoothed sampling-enabled
augmented Lagrangian (AL) framework that relies on inexact solutions to the AL subproblem, obtainable
via a stochastic approximation framework. Under a constant penalty parameter, the dual suboptimality is
shown to diminish at a sublinear rate while primal infeasibility and suboptimality both diminish at a slower
sublinear rate.

1 INTRODUCTION

Consider the convex optimization problem with possibly nonsmooth expectation-valued constraints.

min {£(x) 2 E[f(x,)][9:(x) £ E[gi(x.©)] <0,i =1, m, } (NSCopt)
where X C R™ is a closed and convex, & :  — R is a d-dimensional random variable, (2, 7, P) denotes the
probability space, E £ {£(w) | w € 2}, and forany £ € Z, f(e,¢) and §;(e, £) are real-valued possibly
nonsmooth (but smoothable (see Def. 1)) convex functions on X for¢ = 1,--- ,m. A host of applications in
engineering, economics and statistics can be formulated as (NSCopt); these include optimization problems
with risk constraints as well as a range of problems in statistical learning including Lasso regression and
Neyman-Pearson classification. In general, projection-based approaches cannot contend with such avenues;
inspired by the success of augmented Lagrangian (AL) techniques for constrained optimization problems,
we consider the development of a sampling-enabled AL framework.

1.1 Prior Research

Before proceeding, we briefly some relevant review prior research. (a). Augmented Lagrangian Methods
The AL Method originates from (Hestenes 1969) and (Powell 1969) in convex settings while subsequent
work by Rockafellar in the papers (Rockafellar 1973; Rockafellar 1976) provides a comprehensive theoretical
underpinning coupled with rate guarantees. In fact, AL schemes represented a basis for minos, a nonlinear
programming solver developed by Murtaugh and Saunders (Murtagh and Saunders 1978). Over the last
fifteen years, there has been a pronounced effort in developing inexact AL schemes with complexity
guarantees for addressing deterministic convex optimization problems with possibly composite objectives
and either conic or more general constraints (Aybat and Iyengar 2013; Lan and Monteiro 2013; Necoara
et al. 2019; Xu 2021). When f and g are expectation-valued, there has been far less research. The only
two available schemes are provided in (Zhang et al. 2023; Zhang et al. 2022) and both are equipped with
a rate of O(\/%), but the first algorithm necessitates solving the AL problem exactly in finite time. Given

that the latter is a compositional expectation-valued problem in that subproblem objective is characterized
by the squared norm of the constraint expectation, this is generally not possible. Instead, in this paper,
we develop an inexact framework that requires approximate solutions of a smoothed AL problem, where the
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smoothing allows for employing first-order techniques for computing such an approximate solution in finite
time. Furthermore, our new algorithm attains sublinear convergence for constant penalty parameters and
linear convergence for geometrically increasing penalty parameters. (b) Alternate schemes. An alternate
cooperative stochastic approximation (CSA) framework for addressing convex optimization problems with
a single expectation constraint is adopted in (Lan and Zhou 2020), while in (Yan and Xu 2022), the authors
investigate an adaptive primal-dual stochastic gradient method (APriD). Both CSA and APriD obtain a rate
of O(1/vK) in terms of expected sub-optimality. (c). Smoothing techniques. In (Jalilzadeh et al. 2022),
the authors develop a smoothed, accelerated, and variance-reduced scheme that achieves the optimal rate
of O(1/k) and an optimal oracle complexity of O(1/€?) for nonsmooth stochastic convex problems with
projection-friendly convex constraint sets. Related research on smoothing approaches may be found in the
same reference.

Gap: No efficient AL schemes for convex programs with nonsmooth expectation-valued constraints.

1.2 Contributions and Organization

Motivated by the aforementioned gap, we present a smoothed variance-reduced AL method (VR-AL) that
allows for expectation-valued objectives and constraints with nonsmooth (but smoothable) integrands. In
contrast with traditional AL schemes, the proposed scheme employs both penalty and smoothing parameter
sequences to develop a smooth AL subproblem and allows for inexact resolution of the stochastic AL
subproblem. In Section 2, we present the framework while in Section 3, under a constant penalty parameter,
we show that the dual suboptimality, primal suboptimality, and primal infeasibility diminish at the rate
of O(1/K), O(1/VK), and 9(1/vK), respectively. Analogous geometric rates are provided when the
penalty parameter sequence grows at a geometric rate. The paper concludes in Section 4 where we comment
on flexibility of the framework in accommodating convex constraints and weakly convex objectives.

2 A SMOOTHED STOCHASTIC AUGMENTED LAGRANGIAN FRAMEWORK

In this section, we provide some preliminaries required for generalizing the augmented Lagrangian framework
to regimes with nonsmooth expectation-valued constraints. We begin by providing some background.
Corresponding to problem (NSCopt), we may define Lo(x,)\) as Lo(x,\) 2 f(x) + ATg(x) where
g(x) 2 E[j(x,€)] and A > 0. This allows for denoting the set of minimizers of £o(x, ) by X*(\), the
dual function by Dy(\), and the dual solution set by A*, each of which is defined next.

X*(\) £ argmin £o(x, ), Do(A) £ inf Lo(x, ), and A* £ argI}\@écDo(/\).

xeX xeX
By adding a slack variable v € R™, we may recast (NSCopt) as {minxexv>o { f(x) | g(x) +v=0}},
where A € R™ denotes the Lagrange multiplier associated with the constraint g(x) + v = 0. Then the
augmented Lagrangian (AL) function, denoted by £, is defined as
£,(x,A) 2 min { £(x) + AT (g(x) + v) + §llg(x) + v[[*} (1)

Similarly the dual problem corresponding to minimizing £ ,(e, \) (the augmented dual problem) is defined
as D,(A\) £ infxexL,(x, A). The next result derives the V£ ,(\) and V3D, ()), where IL and d_ denote
the Euclidean projection onto R”} and the distance to the R", respectively.

Lemma 1 ((Zhang et al. 2024) Lemma 1,2) Consider £, defined in (1) for p > 0, x € X and A > 0. Then
the following hold.
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(i) £, and VL, can be expressed as follows.
2
£(x,\) = <f(x) +5(d (2+9)) - 21p||)\||2) and VL,(x,A) = (=2 + 10y (2 +9(x))).

(ii) D, is a C!, concave, and the Moreau envelope of Dy, defined as D,()\) £ max {ﬂo(u) — ﬁ l|lu — /\HQ} .
ueR™

Furthermore, VD, () = % (go(A) — A), where g,(\) £ arg max [Do(u) - ﬁ”u - AHQ} .

To address nonsmoothness. we consider a smoothing f;, and g, corresponding to f and g, defined next.

Definition 1 (Beck and Teboulle 2012) Consider a closed, convex, proper function h : R — R. A convex
function is said to be (v, B)-smoothable if for any 1 > 0, there exists a convex C* function hyy such that

IVzhy(21) = Vihn(22)|| < Tllz1 — 22|, V21,22 €R"
hy(z) < h(z) < hy(z) + 0B, Yz €R"

Remark When h(x) 2 E[h(x, £)], then smoothed function h,, is defined as h,(x) = E[h,(x, £)], where
hy) (e, &) denotes the smoothing of h(e, £).
We now present our main assumption.

Assumption 2 (a) The function f(e,£) is an (o, §)-smoothable real-valued function for any €. (b) For
i =1,...,m, the constraint function g;(e, ) is an (o, 3)-smoothable real-valued function. (c) There exists
a point (x*, \*) satisfying the KKT conditions. (d) The set X C R" is a convex and compact set. (e) There
exists a vector X € X such that g;(x) < 0fori=1,...,m.

The above assumption ensures that f and g; are («, ) smoothable for i = 1,--- ,m. We now consider
the smoothed counterpart of (NSCopt), given by (NSCopt,)) and defined as

i {f(x) | 9,0+ v =0}. (NSCopty)

The resulting smoothed Lagrangian function £, o and the dual function D,, () are defined as follows.

Jn(x) + )\Tgn(x) A>0

A .
—0Q, otherwise and - Dyo(}) _;relch”’o(& A).

Ln,O (X, /\) = {
where g,(x) £ E[j,(x,£)]. Then the smoothed augmented Lagrangian function £, , is defined as

Cploe, ) 2 min { £3(00) + AT (99 () +¥) + §llgn () + v}

We may now define D,, , and g, , as follows where ¢, ,(\) = argmax, [@n,o(u) - ﬁHu =A%

Dy p(A) = b [Dn,o(“) - TI,JHU = Al?| and ViDy,(N) = % (an,p(A) = A).
Next, we presented some important results about the smoothed Lagrangian, dual, and augmented dual to
their nonsmooth counterparts from (Zhang et al. 2024, Lemma 3-4, Proposition 21).

Lemma 3 Suppose Assumption 2 holds. For any A € R' and x € X, any n,p > 0.
(i) Lo(,N) < Lo(x,A) < Lyo(x,\) + 7 ([Am + 1) 8;

(ii) |Dyo(A) = Do(A)| < n ([Allm + 1) B;

(i) [Dyp(A) — Dp(N)] < 1 (X + 1) 3.
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(iv) (Slater condition) For any n > 0, there exists X € X such that g,(X) < 0;
(v) The set of optimal multipliers A* for (NSCopt) is bounded as per

A*Q{AZO‘ZMSI))\} where by > —J2%)=D5 .

min;{—g;(X)}’
i=1

(vi) For any n > 0, the set of optimal multipliers A;“] for (NSCopt,)) is bounded as per

Ay C By = { A0 3N < bm} where by, > LD,

min; {—g;(X)}
i=1

(vii) 4 (N) = oW | < v/Apn (TAm + Cra) B. where Ciy is a constant;

(viii) [ VD0 (V) = VaDp (M) = 3lago(A) = gp(V)]| < /IR,

We now present our scheme which enjoys two key distinctions with deterministic variants.
(1) The Lagrangian subproblem is a compositional stochastic optimization problem and an inexact (random)
solution is available in finite time via stochastic approximation schemes by using Nj evaluations of a
suitable first-order oracle defined in the next subsection. The inexactness is captured by an error sequence
{ex} which is driven to zero at a suitable rate, a consequence of raising Ny to infinity.
(i) The traditional update of the Lagrange multiplier requires an exact evaluation of g(x). Since g is an
expectation-valued function, an exact update is unavailable in finite time. Instead, we employ a sampled
update reliant on M}, evaluations of a zeroth-order oracle, leading to an error wy. By driving M}, to infinity
at a suitable rate, the bias captured by wy, is driven to zero. ~

Our framework requires access to a stochastic first-order oracle SO associated with V fn(x,€) and
VxGin(x,€) fori =1,---,m and a stochastic zeroth-order oracle 8O for g; ,(x,§) fori =1,--- ,m.
To clarify the nature of the stochastic zeroth and first-order oracles, we present three nonsmooth random
functions f(e, &) in Table 1 for which smoothings are defined and analyzed.

Table 1: Bounding the second moments for certain smoothings.

f(z. 8 Fn(x, €) V oz, ) E[| Ve fr (&) — Va fn ()][%]
fi(z, &) = x(©llzll1 ™ hy(xq, €), where [V, hn(zi, £)]]—,, where
. - o] AROZ, A©lmil < 2
hy(xi, &) - v""ih"f(zlvg)_{ A(g)zlhxﬂ, o.w. 4nB[A~ ()]

2
A(©) gL, MO)|wil <
2@zl = /2, ow.

Fole, &) = X(©)lzll2 VIZ@) =2+ 0% —n TG T AE[A2 ()]

VA2 lIx]|2+n?
fa(z,§) = max {h;(z, &)} SR Vahy(@,6) exp(hy(2,€) /1) 2
1<i<n 1 n hi(z, i=1 Yahilz, iz, AR ) )
where i (2, ) = v; + sic(g)T:c n log (2171 exp(h;(z 5)/71)) ST exp(h; (2,8) /1) 121,3%(” [Isic()

Definition 2 (First and zeroth-order oracles) Given an x € X and > 0, 8O** returns a random vector
gn(x,&); (i) Given x € X, the SOfr returns Vi fn(x,€) and VG p(x,£),i=1,...,m.
We now formally state the variance-reduced augmented Lagrangian scheme where J, is defined as
N

Fo £ {XO}affk’ = Fr—1 U {gnk(xk,gj)}?/[:kl U {vzfnk (X> gj) U {Vfﬂgimk(xagj)};i1}j:1 , k>1

Variance-reduced augmented Lagrangian scheme (VR-AL). Given xg,\g and sequences
{pk7 €Ly Nk Nk:; Mk} For k = ]_7 cee 7K’

[1] xp41 satisfies E[Ly, p (Xkt1, M) — Do (k) | Fi) < exnp a.s. with Ny, evals of SOfT;
2] A1 = e + ok (VAL o (K1, Ak) + wg) , where wy, requires Mj, evals of SO”*.
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In (VR-AL), step [1] requires inexactly solving an stochastic optimization problem such that the sub-
optimality is within e kﬂz by leveraging N, samples of the first-order oracle SOf* (equivalently requiring taking
Ny steps of a stochastic gradient scheme). The “a.s.” requirement is introduced since the suboptimality
metric is a conditional expectation. Step [2] captures a Lagrange multiplier update which employs a
mini-batch of M}, samples of the ZO oracle.

Lemma 4 Consider the sequence generated by Algo. VR-AL. Then for any £ > 0, step [2] is equivalent to

M1 = Hp ( Ak + prGng, M, (X1)) -

Proof.  We may observe that

Met1 = M+ ok (VLo o Xkt 1, Ak) + wi)) = A + pr <—2T]j + 114 <% + 9 (Xk+1)> + wk))
= prll4 (% + 9ne (Xk+1)> + prwr = Iy (A + prgn, (X&) + prws. (2)

Suppose wy, is defined as

wy, = (H+ <27’j + G0 (Xk+1)]) — Iy (275 +g77k(xk+1)>) : 3)

Then by substituting (3) in (2), we obtain that A, = I (Mg + prGn, M, (X)) - d

We now impose moment assumptions on the ZO oracle and a requirement on the parameter sequences.

Assumption 5 [ZO oracle, Parameter sequences] (i) Forany j € [m]andx € X, E[||gy.;(x, &)—gn.;(%)]|?] <
VJZ; (ii) Suppose { px, €k, Mk, M, Nk} be such that {\ /2pkekn,l; + \V/’% + 2, /nkpk} be summable.

While we do not impose an assumption on the FO oracles, to ensure that step [1] in (VR-AL) is well-
defined, we implicitly need suitably conditional unbiasedness requirement and a bound on the conditional
second moments. This will be clarified when the complexity analysis is carried out in future work. We
may now derive the following bound.

Lemma 6 Suppose Assumption 5 holds. For any k, E[||lwg||? | Fi] < v2 /M), with a constant vg.

Proof. By empploying the nonexpansivity of the Euclidean projection,

Bl | 53] < |1 (3 + B Gous)]) = 10 (G + gm0 [ 19

_ 2 2
< B |0, (%11) = g s |I” | ] < 55

Unless mentioned otherwise, Assumptions 2 and 5 hold throughout this paper.

3 RATE ANALYSIS OF STOCHASTIC AUGMENTED LAGRANGIAN SCHEME
3.1 Preliminary Results

We begin by deriving the following bound, an extension of the result proved in (Rockafellar 1973).

Lemma 7 Consider the sequence {(x, ;) } generated by (VR-AL). Suppose x,; satisfies E[L, (Xp11, A\p)—
Dy (Ak) | Fi] < €xn? with b > 0. Then the following holds a.s. for any k& > 0.

€ b
E [[IV2Lnp 0 (@15 M) = VADyepn Ai)[I? | Fi] < 222,

=
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Proof.  We employ the arguments in (Rockafellar 1976; Zhang et al. 2024) that

Dﬁk:ﬁk (A) + vAan’Pk ()‘)T(u —A) > an,Pk (u) > mepk (A) + (u— A)Tvgnkvpk () !

2
- m”u — Al
Next, by the concavity of £, ,, (x,e), we have that

Lonox (Xpet1, A) + (w0 — )\k‘)Tv)\Lnkvpk (Xka1, k) > L ox (X1, w) > ®771m0k (w)

> Dy Ak) + (w0 = Ae) TV Dy o (M) = giclw = A
= Lnk,pk (Xk:+1, )‘k) - 'Dmc,pk ()‘k) > (w - )\k‘)T(ank:Pk ()‘k) - VALnk»Pk (Xk+1a )\k)) - 2,1; Hw - )‘kH2

= u' (VD (k) = VL (a1, M) = g [lull®.
But since this inequality holds for all u, we have that

S (415 0) = Do) 2 510 {7 (VD ) = Vi Ot M) = gl |

= BV Dy 00 (Ak) — VAL o (Kks1, M) I

Recall that x;,; satisfies E [£,, ,, (Xk41, Ak) — Diypopr (M) | FTi] < 61#72 in an a.s. sense, implying that
E [|’v>\L77k»Pk (Xk:+1u Ak) - vA@nk»Pk(Ak)HQ | ?k] <

2e .
;—:’“ holds in an a.s. sense.

O
We now derive a bound on the multiplier sequence {\;} in an expected-value sense.

Lemma 8 (Bound on \;) Suppose {(Xx, A\;)} is generated by (VR-AL). Then the following hold.
(a) {\r} is a convergent sequence in an a.s. sense; (b) For any K, we have that

K-1

Efhk - N1< Y (\/2pkekn2+

ot m“V%pk(M*HmﬂLl)B) + [[Ao = A7[| < By

Proof.  We begin by deriving a bound on ||Ag+1 — A*|| as follows

A1 = A< WA R1 = o Q) 190000 (M) = o A+ T, (A7) = G A+ (19, (A7) = A7
< A1 = @i Qi) L 1Ak = A+ g0 (A7) = o (AT 0,

where the first inequality is a result of the triangle inequality while the second inequality is a result of the
non-expansivity of ¢, ,(e) and by noting that \* = ¢,(\*). We now derive a bound on || Ax+1 — @ne o (A&) |-

IXkt1 = @ M) = 11Xk + 2k (VAL pr (i1, M) + Wi)) = g, () |

= [[Ae + ok (VAL o (Kot 15 Ak) + wi)) = oV aDagy o (Ak) — A
< p/va)\mePk (Xk+1, Ak)) — VDo (A =+ prllwe][- 4)
Recall by the conditional variant of Jensen’s inequality, we have that

~ ~ 2 ~ ~
(B (193D 8 = VLo @i, NI ] ) < B (192D 00 (0) = Voo (wan, )2 | T

b
< €M,
- Pk

2e,n?
PE

IN

— E [|V3D0e (V) = Vol (@ert, D)1 | T
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Taking expectations conditioned on F; on both sides of (4),

E[[A+1 = @npeor Qi) 1| Fr] < okE [IVALny 0 (Kk415 Ak)) = VADayypr, (M) | Fil + il [[Jwre]] | Fie]
b VG Pk
<\ 2pkeemy + AL

From Lemma 3, || gy, pr (A*) — @, (A || < 24/ prne(||X*[m + Cyy,) B. Consequently, we obtain that

E [[|Akr1 = X | Fe] < \/20nern}, + 2G5 + 24/ prnn (1N [lm + Cin) B + (A = A*] -

It follows from the Robbins-Siegmund Lemma that if y/2pxexn’ + ’\’/Gﬂ + 2/ peni (A [m + Cpn) B is

summable, then {||A\; — A\*||} converges almost surely to a nonnegative random variable. It follows that
{Ar} is convergent almost surely and is therefore bounded almost surely.

(b) Taking unconditional expectations and summing fromk = 0, - - - , K—1, we obtain that E [|| A\ — X*||] <
S (V2o + 2585 + 2T+ 0B ) + o - X < By =

3.2 Rate Analysis Under Constant py,

Proposition 9 (Dual sub-optimality) Consider the sequence {(x, A\x)} generated by (VR-AL). Suppose

_ K—1
pr = p for every k > 0. Then the following holds for A = # and for any K > 0.

K-1
B[ - D,00)) < B0~ X1+ & 3 ( (g + 2FE + mms) By + 2moam + )5
k=0

Proof.  Recall that D,, , is the Moreau envelope of D,, o. Consequently, V\D,, , is %—Lipschitz. We
may then claim the following.

~Dipesp 1) € =Dy p(Ae) = VaDip(Ae) T Akt = Ak) + g5l Ak = Aell®
< =Dy s (X*) = VDo (M) T (A1 = A) + g5 A1 = Al

where =D, ,(A*) > =D, ,(Ar) — VaDy, o(A) T (A* = Ag). It follows that

D pMt1) < = D p(X*) = VL (a1 M) T Megr = A) + g5 [ Aen = Axl®

—(VaDuo(Ak) = Val o (Kt M) T (A1 — A")

< = Dy p(N) = £t = M) T = A) = wl Qegr = A) + o5 [ Aern = Al
~ (VaDiepAk) = VoL o (ks 1, Ak) T (A1 = X)

< = Dy p(N) = Lt = M) T = )+ lwgl[ Ak = A+ 5511 = Aell?
T IVAD i p(Ak) = VAL o (Rt 1; M) [ A1 — A7|

= — Do) + g5 (I = X117 = A = A1) + | A = A"l
FIVaDyyo(Ak) — V/\Lnk,p(xk+1a>\k)\\||>\k+1 — Nl

< = Dp(N) + (A lm A+ 1)8 + 55 (A = X[ = [ Nesr = A1) + gl A1 = A"
+IVaDyyo(Ak) — v)\Lnk,P(Xk"Fl?)\k)HH)\k"rl =Ml
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From Lemma 3, it follows that
= Dp(At1) < =Dp(X*) + ([ Ak llm + 1B + (A m + 18 + g5 (1M = X117 = [Aer = A7)
FllwrllAksr = A+ [IVADny p(Ak) = VAL, p(Xk41, Ak)H Ak = >\*H
< =Dp(N) + m([ A1 = A[m) B + 2 (|X*[[m + 1)8 + g5 (1A = A = [ Ar — A*[)
+ wrlHl A = A" + HVA%,/J(M) = VL p (Xt )\k)”H)‘kJrl =
< =Dp(X) + 20k (|A* [l + 18 + g5 (A = AP = [[Aw1 — A*[?)
+ lwrl[[[Ak1 = A7) + (IIVA"an,p(/\k) = VLo Kia 1, M) | + e B) [ A = A7l
By summing from k£ = 0 to K — 1 and defining f* = f(x*), we obtain the following inequality.

K-1 K-1
D EDp ki) + 1) < 55120 = AP = Ak = XP) + D 2mk(bam + 1)
k=0 k=0

K-1
+ D (lwkll + VA (Ak) = VAL p(xht1s M) || + mmB) [Ar1 = A"
k=0

Dividing by K, invoking the concavity of D, and by taking expectations on both sides,

K-1 K-1
E[f"—Dy(Ak)] <E [1 > (- ()\k+1))] < B0 = NP+ % Y 2m(bam +1)8
k=0 k=0

K-1
£ 2 S E(IVADu ) — VaLawp ket Il + llwll + mm) [ Mo — ]
k=0

K-1 \/27
< AEl - NP+ & X ( (i + 2R + momd ) B+ 20u(oam + 1) < G,
k=0

where boundedness of \; follows from Lemma 8 and C'p is a constant. [

Next, we derive a rate statement on the infeasibility.
Proposition 10 (Rate on primal infeasibility) Consider the sequence {(xx, A;)} generated by (VR-AL).
K—1_.
Suppose pi, = p for every k > 0. Then the following holds for X = #and forany K > 0.

K-

,_.

Eld (9(xx))] <

N\S

< 1772 +3m2 2/62) 6mCD+CB an /

=0
where () is a constant.

Proof.  We begin by noting that g,, (x,1) can be expressed as

e (%k11) = VL p(Xt15 Ak) + (H— (%’“ + (Xk+1)))

Recall that d_(u +v) < d (u) + ||v]| for any u,v € R™. Consequently, we have that

4_(90. (%011)) < V3L p ity M) |+ (T (2 + g (541)) ) = VAL, A (5)

=0
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By definition of d_(e), convexity of max{g;(e),0}, and ||ull2 < ||ul[1 < v/m]u|2,

S

(9(xk) = inf Jlg(xx —uu1<2 inf |95t —ujr—zmax{gg (x10),0}

=

K—-1 m

eR’rn

IN
==
1M

j=1 =1 j=1

K-1 K-1
<z D b vVmllgy (xisa) + mB1l— ullz = YN d(gg (xiv1) + mi1)
i=0 - =0
K-1
<Y (VAL p(in M + mai)
=1
K-1
<IN (VoL p(ki41 A) = VaDy o (M)l + [V 2Dy, o (i) ||+ mgi3) .

I
o

)
By squaring both sides and taking unconditional expectations, we obtain the following.

K-1

2
[(d_(g(xk))*| <E (“If > (192 Lyp(xir1: ) = VaDy o M0)ll + V3D p (M) | + mmm)
=0

=

K-1
s Y KE |(IVaLyp(ki41,2) = VaDy o) | + [IVADy, o0 | + m )7
i=0
K-1
E [31VL . (Xi41: ) = VaDy oI + BIVaDy o (05 [2 4 3mn? 67

AN
N‘g

~

IN
2l
I

=

IA
I3

K-1
6e;n? m
(%6 4 3m2n28%) + 2 3 B [31VaDy (W]
=0

(2

Recall that if D,;, , is a 1/ p—smooth concave function, then for any A € R™, we have that ||V \D,, ,(\)||? <
%(an7p()\*) — Dy,.p(A)), where A* is a maximizer of D,. By leveraging the concavity of the /e function,

E|(d_(9%x)] <2 30 (%5 +3m28%) + 3 3 B[S (D p(X,) = DM

K-1 = K-1 = K-1

< 37 (S 4 3m2s?) + B |92 3T (D)~ ()| + 5 3 B (B + 2ba )+ 2)
Iz(iol o K-1 = K-1

<% ( i 4 3m 773/32) + R <®9(A*) ~-D, | + )\Z> ) +SB>
;(Z_Ol K-1 0 =

< 5 (53t vanti?) o G T
=0 =0
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Proposition 11 (Rate on primal sub-optimality) Consider the sequence {(xx, A\;)} generated by (VR-AL).

K—1_.
Suppose pi, = p and M, = kg—lﬁfork: >0andd > 0. If xp = #,forany[( > 0,
¥ _ Gy banVC C
£ = Elf (Ra)] < i + 25 + 2 < Op
K—1
_ 2 1)v2 ~
) =Bl i)l 2 =2 = & > (B +00) i + D3 + o+ meB) =~
k=0

where C', C + are non-negative constants.

Proof.  Recall that since x;, is not necessarily feasible with respect to the constraints, we derive upper and
lgwer bounds on the sub-optimality. Let x* € argmin £,(x, \*) and x;, € arg min Lm?’p(x, Are)-
(i) Lower bound. A rate statement for the lower bound can be constructed as follows. Since max Dy(A) =

mi§1 L,(x,\*) = f*, we have the following sequence of inequalities.
pdS

* = * = A% S 2 *
Fonc (363, )Z Lo Ry M) = Fe () + 5 (d (P25 + g (%)) ) = 51X 1P

< e (50) + § (4 (g (3% + 2| 22 | (90 (50)) )

Taking expectations on both sides, we obtain
Fone (%) = B [fae(%20)] = §E (A (9mic(%2)))?| +E [Ny | . (e (%)

(@ (g (R5))? ] + rnE (g0 (%)) S + 22

\GlheY

IN
N
=

— f(x") —E[f(xk)] = B[ f(x") = F(x},. )+ (X5 ) = Fore (55,0) + (Fore (%5,0) — Fo (X))
<0 <nkB
+ o (%K) — [(XK) | §77K5+%+% < %
<0

(ii) Upper bound. Let x; , € arg I){lel&l Lo,..p (X, A). Based on the definition of Xy, and x5

mep(xk-ﬁ-l’ )\k) nk:P(X;k]k,)\k’ )\k) g Ek‘nz‘ and anp(xzk,pkv )\k) g Lnk,P(ijk’ )\k)

- L
= Lopp(Xket1, Ak) — Enk,p(xzk,v k) < Ekmlé-
By Lemma 1, we have that
* P Ak * 2 P Ak 2 b
E [, (r41) = Fun(5,)] < E |8 (4 (2 +90(5,)) ) = 8 (4 (3 + gmxin)) ) | +exnh
We observe that d_(u) = ||TI_(u) — u|| = |14 (u)]|. It follows that
a_(22) = a_ (10 (2 + gy, Gopen) ) + ) < (T (2 + gy G00an) ) ) +
<d_ (% + gy (xu11)) +

Akt 2 Ak 2
Mer "2 (% + gy, (xas0) ) ol + o

- — (d, (AT,'“ +9nk(xk+1>>>2 < - ‘
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A || This allows us to claim that

() =1

p

Furthermore d_( + g, (x5, ))< d_(gn.(x5,)) +d<
=0, smceg,k (x

Ak41 2

5.) <0
} + pE [d ( +9(Xk+1)) |w ]| + [Jwg| } + exny,

el = (3] < 5 |2 25
In addition, we have that
K-1
E[f(xks1) — f(x*)] = Z E[f(%kt1) = for Kr )] +E [fo K1) — foo (X5,)]
k=0 <mf3
K-1
Fo ()] + E [, (%) = f(x7)]
<0, since smoothness

W)~

+ x E[fﬁk(
<0

) + ]

Consequently, summing from k£ = 0 to K — 1, there exists a constant C'y such that the following holds
K-1
E [(f??k (Xk-l—l) - fﬁk (X:;k

K-1
E[f(xx) = F) < % D E[f (i) = F(X)] < 5
k=0 k=0

) ) K-1 K-1

<Dl LS E [pd (2 + gy, (41)) ] + & 30 B [l + ewnf + 5]
k=0 k=0
K-1
£ SO [Junl® + et + ]
k=0

E (1Al + pllwll) l[wrll] + %

]

Aol
< 2;?}( +x
k=0
, K-1
A
<Dl L ST E [ kerllfwnll + (o + Dlfwil + ek + e
k=0
, K—1 N
A 1
<Dl L7 ((Ba +ba) 2o + 52 e+ i) <
k=0
O]
3.3 Rate Analysis Under Increasing py,
We now briefly describe the setting where {p;} is an increasing sequence. If n = O(1/px) and
M}, = O(1/pz), then it can be shown that the expected suboptimality and infeasibility diminish at the rate of
(1/px). Proof Sketch. (i) By the update rule of A\t 1, d— (gy, (Xk+1)) < d— (H_ ( + I, (xk+1)>) +
Aip1—A Akp1—A
|2t oy | = || A2 oy | Therefore, d- (9(x+1)) < d_(g, (%41) 4+ B1) < (g, (x611))+
neB||1| + A'”;k Ak HwkH, and then we derive the results by taking expectations on both sides.
(i1) The key steps are as follows, with the remaining proofs similar to those outlined in Proposition 11.
Fin0) < Lo a1 A3 ) < P i)+ 8 (Ll gy Py 2
M\ B ) = Sng,pp \Bk+1s A ) = I \(REk+1 2 Dk 2pk Mk
Pk < e eh) + 2 (d (22 +00,06,0)) ) =% (@ (2 4 05, G000)) )+ can
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4 CONCLUDING REMARKS

In this paper, we present an efficient inexact sampling-enabled AL framework for convex programs with
possibly nonsmooth expectation-valued constraints. By overlaying a smoothing framework with diminishing
smoothing parameters and a constant penalty parameter, we derive rate guarantees for dual suboptimality,
primal suboptimality, and primal infeasibility. Future work will consider developing an overall complexity
analysis with extensions to compositional constraints. The latter can be accommodated with relative ease
since much of the convergence analysis persists but the overall complexity analysis is impacted by the
emergence of the multi-level compositional term in the objective of the augmented Lagrangian subproblem.
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