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ABSTRACT

Estimating stochastic gradients is pivotal in fields like service systems in operations research. The classical
method for this estimation is the finite-difference approximation, which entails generating samples at
perturbed inputs. Nonetheless, practical challenges persist in determining the perturbation and obtaining an
optimal finite-difference estimator with the smallest mean squared error (MSE). To tackle this problem, we
propose a double sample-recycling approach in this paper. Firstly, pilot samples are recycled to estimate the
optimal perturbation. Secondly, recycling these pilot samples and generating new samples at the estimated
perturbation lead to an efficient finite-difference estimator. In numerical experiments, we apply the estimator
in two examples, and numerical results demonstrate its robustness, as well as coincidence with the theory
presented, especially in the case of small sample sizes.

1 INTRODUCTION

Stochastic gradient estimation involves estimating a function’s derivative. In realistic scenarios, the exact
function expression is often unknown, and one can only approximate it through stochastic simulation. Such
setting is often regarded as black-box or zeroth-order (Ghadimi and Lan 2013; Nesterov and Spokoiny
2015). Stochastic gradient estimation finds significant applications in stochastic optimization, machine
learning, financial engineering and operations research. In this paper, we investigate the finite-difference
method, which is straightforward and effective for estimating the gradient (Asmussen and Glynn 2007; Fu
2006; Glasserman 2013; L’Ecuyer 1991).

Finite-difference methods include forward, backward, and central finite-difference (CFD) methods. In
the finite-difference mechanism, the choice of perturbation size controls the balance between bias and
variance. Typically, if the perturbation is too small, the variance of the estimated quantity will be too
large, and if the perturbation is too large, the bias will be unacceptable. Using a metric of minimizing
the MSE of the estimator, Fox and Glynn (1989) and Zazanis and Suri (1993) studied this trade-off and
demonstrated that without using common random numbers (CRNs), the optimal order of perturbation size
is n~1/* for forward and backward finite-difference methods and n~!/° for the CFD method, where n is
the total number of samples. Glasserman (2013) suggested the extrapolation approach to further reduce
the bias. A linear combination of the CFD output values under two different perturbations is employed to
produce an estimator with decreased bias. When CRNs are not employed, the method’s optimal perturbation
is of order n~1/10,

Although the order of the optimal perturbation is known for the finite-difference methods, the constants
preceding the order are especially essential when the sample size is small (Li and Lam 2020; Lam et al. 2022).
However, obtaining information about the constants before the order is challenging, even more difficult
than estimating gradients because they contain higher-order derivatives and noises. Li and Lam (2020)
proposed a two-stage approach to address this issue. In the first stage, they utilized regression to estimate the
higher-order derivative and sample variance to estimate the function’s noise. However, the noise estimation
is somewhat coarse. Lam et al. (2022) enhanced the standard estimator regarding the choice of perturbation
subject to the ambiguity of the model characteristics.
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In this paper, we focus on enhancing the performance of the finite-difference method. We propose a
double sample-recycling (DSR) approach to the finite-difference estimator for stochastic gradient estimation
to more accurately estimate the unknown constants and effectively utilize the samples. Our work also
proposes a procedure in two stages and focuses on sample-recycling. Specifically, we apply two sample-
recycling techniques in the two stages to obtain an accurate estimator of perturbation and a finite-difference
estimator. We support our theory with empirical results.

The rest of this paper is organized as follows. In Section 2, we give some background on how to
use the CFD method for gradient estimation. In Section 3, we introduce the bootstrap method, apply it
to gradient estimation and provide theoretical guarantees for it. Section 4 guides the process of reusing
samples and provides theoretical evidence for the effectiveness of this operation. In Section 5, we give
some experiments to verify the theoretical results, followed by conclusions in Section 6.

2 BACKGROUND

In this section, we introduce the background of the finite-difference method for stochastic gradient estimation.
More details can be found in Asmussen and Glynn (2007), Fu (2006), Glasserman (2013). Consider a
model that depends on a single parameter 6, where 0 varies within some range ® C R. Denote that o(-)
is a performance measure of interest and assume that we can only estimate it by simulation. Within the
simulation for any chosen 6 € ©, each trail gives an unbiased but noisy estimate of ¢(6), denoted by
Y(0),ie., a(6) =E[Y(0)]. Suppose that we do not use the CRNS, i.e., for 6; # 6, € ®, Y(6;) and Y (6,)
are independent. We would like to estimate the first-order derivative o’ (6p), where 6, € @ is the point of
interest. In this paper, we consider the CFD method which yields an improvement in the convergence rate
of the bias compared to the forward (and backward) finite-difference method.

The CFD scheme is similar to the definition of the derivative and utilizes the information at the
neighboring points on both sides of 6y. That is, o (6y) is approximated by

o(6p+h)—a(6y—h)

,(60) = = 7 M
where £ is a perturbation parameter. As A tends to 0, & (6p) tends to a'(6). Denote
Y(Bo+h)—Y(60—h

2h

Evidently, A(h) is a noisy estimate of &’(6) and this estimate is the output of the CFD method.

Specifically, the CFD scheme sets the perturbation parameter iz > 0. At 6+ h, the simulation is repeated
independently, and n independently and identically distributed (i.i.d.) observations {Y;(6y+h), ..., Y, (60 +
h)} are obtained. Then, n i.i.d. observations {Y;(6p —h),...,Y,(6o —h)} are simulated at 6y — h. Using the
sample average, we construct a CFD estimator of o’(6y), denoted by

~ 1 & 1 90 + h 90 —h
Rn= Y am=Ly " ( ).
i=1 i=1

For any i = 1,...,n, Yi(6p+h) and Y;(6p — h) are the unbiased estimators of o(6y+ h) and a(6y — h),
respectively, so A;(h) and A, are both the unbiased estimators of ¢ (6p). Let Z;(h) denote the zero-mean

3

error associated with A;(h), and finally let Z, , = Y., Z;(h) /n be the zero-mean error associated with Znh
Then, Kn,h = &,’1(90) +Zn,h-

The choice of & is crucial because it controls the quality of th. If h is too large, the expectation of
Kmh, ie., a;(6y) will be too far from o(6p). In other words, the bias of Kmh will be unacceptable. If &
is too small, the variance of Kn,h will explode due to the location of % in the denominator. To choose a

proper A, we should perform a trade-off between the bias and variance of th- To calculate the bias and
variance elaborately, we make the following assumptions.
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Assumption 2.1 o(8) is thrice continuously differentiable in a neighborhood of 6y and a®)(8y) # 0.
Assumption 2.2 The standard deviation of Y (0), denoted by ¢(6), is continuous at 6y and &(6) > 0.

Assumptions 2.1 and 2.2 can be found in many other works, such as Glasserman (2013). Under
Assumption 2.1, according to the Taylor expansion, we have

2 (60)

(

(80 +h) = au(6) + o () + & S S o),
@) 3

(60— h) = a(8) — o (B)h+ & 2(90)/12_ o 6(90)h3+0(h3)

Subtraction eliminates «'?)(6), leaving
&, (60) = o'(60) + Bh* + o(h?),
where B = a®)(6y) /6. Therefore, the bias of Z,,Vh is

Bias [vah} = EA,, — o (8y) = &, (60) — o' (8) = BH* + o(h?). @)

From (3), the variance of KM is

Var [Kn,h} = %Var [Y(GO +h)+Y (6 _h)} o%(6p+h)+c2(6 —h).

2h - 4nh?

Under Assumption 2.2, we have 62(6y+h) = 62(6y) +o(1) and 0%(68p — h) = 6*(6p) + o(1). Therefore,

- 52(60) +o(1)
Var || = =5 ©)
Then the MSE of Kn_,h is
2
~ 1 a2 [% ~ 1 _ 2,4, 0-(60)+o(1)
MSE [Anvh} — Bias {An’h} 4 Var [An,h} = (B+o()’ '+ =2 ©6)

It follows from (6) that / controls a trade-off between the bias and variance, and thus we should choose
an appropriate 4 to minimize the MSE. According to the relationship between the arithmetic average and
the geometric average, we get

B*h* +

o2(8) B2c*(6,)\"*
>3(—-2)
2nh? — 1612

where the equality holds if and only if #* = (62(6p)/(4nB?)) /8 The optimal bias, variance and MSE are
thus

2 1/3
Bias* = (BG4(90) +o0 (n_1/3) )
n
2 4 1/3
Var = (Bgng9°>) o (w2, )
B2 4 [2) 1/3
| MSE" =3 (W) +o(n23).
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To obtain an optimal K,,J,, we need to determine the value of 4. Although we know that h* = cnl/e,

where C = (62(69)/(4B%)) '8 the constant C is typically unknown. The definition of C indicates that it
requires the estimation of some values depending on the model information, such as &) (6y) and 62(6p).
However, estimating these values is more challenging than estimating the gradient because it involves the
higher-order derivatives of a(0). Furthermore, experimental findings indicate that assigning a perturbation
with a significant deviation from the true one leads to substantial discrepancies in the MSE of the CFD
estimator. These motivate us to explore an approach to address this problem and achieve the optimal MSE.

3 SAMPLE-RECYCLING FOR PERTURBATION SELECTION

In this section, we propose a resampling procedure to estimate C, specifically B and 6(6y). Our inspiration

comes from equations (4) and (5), which demonstrate that EKM and Var K,,’h are linear with respect to

(w.r.t.) h% and 1/h?, respectively. However, EK,,J, and Var [Zn,h} are typically unknown and we turn to

seek their surrogates. A straightforward approach is to use the sample mean and variance, respectively.
Nevertheless, for any perturbation 4, we need many sample pairs (sometimes we also use “samples”) to
obtain these surrogates, which is unavailable due to the limitation of sample size. To address this limitation,
we introduce a resampling technique, the bootstrap, to estimate the sample mean and variance. On the other
hand, to improve the accuracy of estimating B and 6%(6y), we select K different values of &, expanding
(4) to encompass K linear equations correspondingly. Then least-squares regression is applied to derive
the slope of linear equations, i.e., the constant B. Similar procedure is also used to obtain the estimate of

62(9()).

3.1 Bootstrap Sample Mean and Variance

The bootstrap technique is described as follows. For a fixed /4, assume that n, sample pairs have been
generated, denoted by {(Y;(6p+h),Yi(6p—h)),i=1,2,...,n,}. Correspondingly, as defined in (2), we have
ny, outputs A(h) = {A;(h),i=1,2,...,n,}. We pick with replacement n;, times from A(%) independently and
randomly and then get a group of bootstrap samples A*(h) = {Af(h),i=1,2,...,n,}. Using these bootstrap
samples, the estimator of a’(6y) is expressed as

1 &

}’lbhi ZA*

It is natural to expect that the bootstrap mean and variance of Abh » Will exhibit similar asymptotic
properties as described in (4) and (5), respectively, when n, is sufficiently large. For these let E, and Var,
denote the expectation and variance under the bootstrap probability measure PP, (- ) = P(-|A(h)). Then the

asymptotic properties of the bootstrap mean and variance of Ab ,h are summarized in Theorem 1.
Theorem 1 Denote v4(h) = E [Z, (h)]* and v4 = },II%E [hZy (h)]*. Tf v4 < oo, at(8) is five times continuously
_>

differentiable in a neighborhood of 8y and a®)(6y) # 0, then under Assumptions 2.2, as nj, — oo,

E.AL = o/ (60) + Bh* + Dhi* + o(h*) + Zy, 1, (8)
_ (np—1)(c%(6p) +o(1))
Var, [Anb h] Zn%hz +¢(h), ©)

where D = a©®)(6y)/120 and ¢(h) is a zero-mean error with

(np —1)2 <V4+0(1)_ np—73 0'4(90)—1—0(1))'

n2h4 np np (I’lb — 1) 4

Var[p (h)] = (10)
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Theorem 1 demonstrates that E*Kﬁb , and Var, [bi h} inherit the asymptotic properties of Egn,h and

Var [Kn,h} , respectively. That is, they are linear w.r.t. h? and 1/h?, respectively. As a result, we can estimate
B and 62(6y) through these linear relationships, which we will present in the next subsection. Another
optional approach is to bootstrap {(Y;(60+h),i =1,2,...,np} and {(Yi(6p —h),i = 1,2,...,n,} separately.
This decoupling operation yields conclusions similar to those in Theorem 1. For convenience, we directly
bootstrap A(h) in this paper.

3.2 Regression for Perturbation Selection

From Theorem 1, we can use the least-squares regression to derive the estimates of B and 6%(6y). Specifically,
we consider

Ye:XeﬁgJFgea Yv:XVﬁv+£V7 (11)
where .
~ ~ T 1 ... 1
_ b b _
Y.~ [ER,,, EA ] ,Xe_[h% h%} : .
T - _ T
ﬁe - [OC/(QO),B] e = [thlt_'_o(h‘l‘)+an7h17"'7DhAI¥{+0(h4K>+an~,hK] )
and -
~ ~ T ny—1 ny — 1
Y, = [Var* [Aﬁb.hl} sy Vary |:A’I’]lb-h[(:|:| . X, = { b2 5y b2 2] 7
' : 2nbhl anhK (13)
-
2 (mp — 1)o(1) (np —1)o(1)
=07(6y), &= |——+0(h1),.... ——=——>+0(h .
8= (o). &= | ot o). B o)

Using the least-squares method, we derive the estimators of B, and B,, denoted by Be and Bv,
respectively, where

~

B.=(xIx.) xlv. B,=(x/x.) X[¥.

Let the first term of B . be @'(6) and the second term be B. In the following, we show that B . and

~

B, are consistent estimators of B, and B, respectively.

3.2.1 Consistency of B

The following theorem presents the consistency of B. The conditions about hi(k=1,...,K) in Theorem 2
ensure that the regression error vanishes fast enough, which is necessary for the consistency of regression
estimators.

Theorem 2 Suppose that a(6) is five times continuously differentiable in a neighborhood of 6y and
a®)(6y) #0. For any k=1,...,K(K > 2), denote /i = cxnl(ck # 0,7 < 0) and for any j #k, let ¢; # cx.
Then, under Assumption 2.1,

0%(6p) +o(1)

E [E] —B= HKniy—Fo (niy) , Var [1/9\} =V ey
2n,

(14)

where Hkx and Vi are constants depending on cy,...,ck. Specifically,

2
_ KY& Def =Y e Xie  De} Ve — —K*Yp i+ (e ) Tiey et

Hg 2 ’ - 2
Koot — (B et) (K):,’;l - (TK c%)z)
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In addition, if —1/6 < y < 0, then B -2 B, where -2 means convergence in probability.
Theorem 2 indicates that for all i = cknz, where k =1,....,K and ¢, #0, as long as —1/6 <y <0, B

is a consistent estimator of B. Furthermore, from (14), the convergence rate of the bias of Bis O (niy),

and that of the variance of B is O (nb_l_éy .

Except for fixed values of ¢y, ...,ck, they can be generated from a proper distribution #. In this case,
Hg and Vi are both random. Since cy,...,cx are coefficients in the perturbations, they must not equal 0,
and are typically bounded. For these purposes, there are many optional distributions, such as the truncated

normal distribution, denoted by W (o, 07,L,U). Specifically, for any k = 1,...,K, let ¢ < x Ly<x<u3s

where £ represents the same distribution, X ~ .4 ([.Lo, Gg), and L > 0 and U > 0 denote the lower bound
and upper bound, respectively. Because 0 < L < ¢; < U, Hg and Vi are bounded.
When we generate cy,...,cx from &, the bias of B is

Bias [B] = [E B B|2| | =ElHkIn) +o (n}7), (15)

where the last equality is because ci,...,cx are independent with the pilot samples and the bias result in
Theorem 2. If ¢ ~ W (/.Lo, Gg,L, U ) fork=1,...,K, then ¢;’s are bounded. Therefore, Hx and the constants
in o (niy) are all bounded.

Likewise, the variance of B is
Var [1/9\} = Var [E {E} 930” +E [Var {1/9\‘ 32’0”

o?(60) +o(1)

Vi

= Var [B +HKniY—|— o (n?)] +E

o*(60) +o(1)

- Var[HK]n27+ 1] (n27> + ]E[VK] 5 767
n
b

(16)

Comparing (14) with (15) and (16), it becomes evident that when ¢;’s are generated from &, the bias
of B still converges at a rate of O (n?/), while the variance of B is increased by O (ngy) However, it is
important to note that the convergence rate of the MSE of B remains unchanged. Therefore, during the
pilot stage, the A;’s selected based on the tradeoff between bias and variance in (14) maintain the same
order as those selected using the tradeoff between bias and variance in (15) and (16).

Similarly to Theorem 2, we can also obtain the asymptotic property of &’(8y), which is useful for the
recycling of the pilot samples. Due to space limitations, we omit the description about it.

3.2.2 Consistency of Bv

Now we provide Theorem 3 which demonstrates the convergence rate of the bias and variance of Bv.
Theorem 3 Suppose that 6(6) is continuously differentiable at 6y and ¢’(6y) is bounded. For any
k=1,...,K(K > 1), denote hy = cxn}(cy # 0,7 < 0) and for any j # k, let ¢; # cx. Then, under Assumption
2.2,

E [EV} -B, :H;in%”—o (niy) , Vvar [BV} = V,I4v4(nb — iz(:l:j({o)o)(nb =3 +o0 (nlb) )
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where H;; and Vg are constants depending on cy,...,cg. Specifically,
. , ) K 1 K 1 K 1 -2 K 1
|
k=1 Ck S k=1 Ck k=1 Ck

Consequently, we have Bv LN B..

Theorem 3 indicates that for all i, = can, where k=1,...,K and ¢, # 0, as long as vy < 0, [Aiv is a
consistent estimator of B,. The convergence rate of the variance of B ,1s O (n,;l), which is independent
of y and faster than that of B. Additionally, the convergence rate of the bias of Bv is O (n?’), which is
equal to that of B.

In light of Var [BV} unrelated to y, we focus on (14) and choose a suitable 7y to balance the bias and

variance of B. Specifically, according to Theorem 2, we consider the following optimization problem:

*(60)

minimize MSE[ } Hin 2Y+VK 1+67°
2n
1,

Y,C15---,CK

a7

subjectto —1/6 <y <0.

Solving (17) gives Yy = —1/10. On the other hand, if cy,...,cx are generated from &, randomly, the
optimization problem comes from the combination of (15) and (16):

4y 4y (90)
ml;{l{%lze E[Hg|n,” + Var[Hk]n,” +E[Vk]— 117+6y, (18)
subjectto —1/6 <y<0.
Solving (18) also gives y = —1/10. That is, whether cy,...,cx are fixed or not, the optimal selection of

hy’s is of order O (n}) with y=—1/10.

A more exact setting about {cy,...,cx } or &, necessitates knowledge of D, which is more challenging
than the estimation of o (6). In this paper, we treat {cy,...,cx} and & as the hyperparameters whose
selection is beyond the scope of our discussion.

4 SAMPLE-RECYCLING FOR FINITE-DIFFERENCE OUTPUT

In Section 3, we have provided the estimators B and B, and shown that both of them are consistent under
mild conditions. In this section, we construct the double sample-recycling CFD (DSR-CFD) estimator
through the remaining n, = n — Kn;, sample pairs as well as the pilot sample pairs. We have to consider
two questions: (1) how to generate the n, sample pairs; and (2) how to recycle the pilot sample pairs.
To answer the first question, note that we hope to utilize the whole n sample pairs, including the pilot
sample pairs and the n, sample pairs. Therefore, the desired CFD estimator should be constructed based

~ N L\ /6
on the perturbation h, = (BV /(4nB ))

To answer the second question, recall that our objective is to estimate a'(6y) under the criteria of
minimizing the MSE of its estimator. To reuse the pilot samples, we transform A(/y) which are constructed
based on the pilot samples, by adjusting their location and scale, so that after the transformation, they have

the same expectation and variance as A (h,,) Note that when no confusion arises, the subscript i of A;(+)
is omitted to denote a generic index i =1,...,n
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Specifically, for any j=1,...,n, and k = 1,...,K, we transform A;(/y) to

N 1/2
W A,() —~ EAn)) + BA (B, (19)

Evidently, [A;(h) —EA(h)]/ (Var[A(hk)])l/ % in (19) represents a standardization with mean 0 and variance
1. Then (19) possesses the same expectation and variance as A (ﬁn> Therefore, a desired estimator for

o/ (6p) can be formulated as:

ny % K nyp
mnl Ai<hn) Knmp 1 22(19) (20)

n ny ‘= n Kny

This is a weighted average of an estimator at Zn constructed through the n, samples, and the one by the
transformation from the pilot samples. It is reasonable to expect that under certain mild conditions, such
as ensuring that the covariance of two terms in (20) converges faster than the variance of either term, the
bias, variance and MSE of (20) all achieve their optimal values as in (7).

For any j=1,...,n, and k= 1,...,K, we substitute the regression estimators into (19), and (19) is
approximated by

hy,
A (ly) = ‘Ai‘

= (850 = (1.4 Be) + (177) B @

Then, the DSR-CFD estimator, i.e., the estimated version of (20), is established as follows:
K np
ZA (7 ,1)+ZZN ) (22)

Next, we analyze the theoretical properties of A - e The results are summarized in the following
theorem. For the sake of convenience, we consider the non-random hyperparameters cy,...,cx such that
when n;, is given, hy, ..., hg are also given. The result is similar when considering & as the hyperparameter,
ie., c1,...,cx are random.

Theorem 4 Suppose that o(0) is five times continuously differentiable in a neighborhood of 6) and

()(6y) #0. For any k=1,....K(K > 2), let by = ckn;l/lo(ck #0) and for any j #k, c¢j # ck.
np,n — oo, then under Assumptlons 2.1 and 2.2,

~ 362(60) 1/3 432 1/6 np _ _
E|A ~ | =a -~ N " e Petn1/3 1/3 >
[ n,h,,} a'(6o) + ( 1 + o2(80) 1/ L De Pcin™ 7 +o (n ) , (23)
2 Bo*(60)\"’ | (B (60)\'" s : 1 2 2/3 2/3
var[A,; | = <M> + <2> “2 [|| Diag(e™)Pe |} —K]n 2 o0 (n ), 24)

where ¢ = [|c1],..., [ck|]T, €* = [c},....ck] T, P=1—X (X} X.)"'X, X, is defined as in (12), Diag(c~!) =
1 1

Diag <| ] |>, sign(B) is the sign of B, and || v ||»= (L4, v,%)l/2 for any v € RX.
C1l CK

Comparing (23) and (24) with (7), the changes of bias, variance, and MSE in the DSR-CFD method
compared to the optimal CFD method are obvious, which depend on ¢ Pc* and || Diag(¢~!)Pc ||3 that
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Algorithm 1: DSR-CFD method.
Input: The number of total sample pairs n, the number of perturbation parameters K, the
number of pilot sample pairs at each perturbation n,, the number of bootstrap I and initial
perturbation generator &.
Step 1. Estimate the unknown constants B, 6*(8y) and the optimal perturbation.
1. Generate cy,c,...,Cx Hid- Py and let hy, = ckn;1/10 for any k=1,2,...,K. Generate pilot samples
and calculate A;(/y), where j=1,2,...,n, and k=1,2,....K
2. Perform bootstrap resampling I times for each set of samples at Ay, hs,...,hg and calculate

1

1 2
2
nmhk Z Anb hA Snp by = I Zl |:A"b hk( ) Anb hk] :
q:

3. Fork=1,...,K, replace E, A ., and Var, {An ™ } with Ab o, and 52 respectively. Perform

np,hy

1/6
(weighted) regression to obtain B and ﬂv. Set the perturbation as Ty = (ﬁ o/ (4n§2))

Step 2. Construct the DSR-CFD estimator of a'(6p).

1. Reuse Aj(h), where j=1,2,...,n, and k= 1,2,...,K. That is, calculate

h ~ o\ A
AL () = ‘|h"|‘ (Aj(hk) —(1,12) ﬁe) n (1,h§) B, for j=1,2,...np and k=1,2,...K
n

2. Denote the number of remaining sample pairs as ny = n — Knj,. Generate n, sample pairs at Ty
and calculate {Al (ﬁn), vy A, (En) }
3. The DSR-CFD estimator

<ZA< )+§f& hk>

Output: An,ﬁ,,'

are typically manageable. Even more attractive is the fact that if B and Dc " Pc* are of opposite signs, the
squared bias of A - may be smaller than that of the optimal CFD estimator (see (7)). In addition, when

c1,...,ck are chosen such that || Diag(¢~')Pc ||3< K, the variance will be reduced.
The full implementation of DSR-CFD method is shown in Algorithm 1. In Section 5, we will present
two numerical examples to validate the aforementioned properties of our proposed DSR-CFD estimator.

5 NUMERICAL EXPERIMENTS

In this section, we use two examples to check the performance of our method. Examples 5.1 is from Li and
Lam (2020). Example 5.2 is the generic M /M /1 queueing system from Lam et al. (2022). All numerical
results are based on 1000 replications.

We will compare the performance of our proposed method and the Estimation-Minimization CFD
(EM-CFD) method proposed by Li and Lam (2020). In the first and second examples, we let the initial
perturbation generators &y = y(0,0.1,0.01,00) and ) = y(0,1,0.1,00), respectively. The number of
bootstrap I = 1000. During the first phase, we set the number of regression points as K = 10 or 20.
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Example 5.1 We consider estimating the first order derivatives of the polynomial function o(6) =1—66 +
36602 — 5303 42267 at different 6). Assume that the observed variables at 6 obey a normal distribution
with mean a(0) and variance 0.05, i.e., Y(0) ~ .4 (a(0),0.05). From a simple calculation we obtain

o (6)) = —6+7260— 15965 + 11085, B= —53422068;, o>(6p)=0.05,

as the real parameters to measure the performance of our proposed method. During the implementation of
each algorithm, we assume that the parameters a'(6y), B and 6(6) are unknown.

Table 1 presents a comparison of bias, variance, and MSE between the DSR-CFD estimator (denoted
by Bias-DSR, Var-DSR and MSE-DSR, respectively) and the optimal CFD (Opt-CFD) estimator (denoted
by Bias-Opt, Var-Opt and MSE-Opt, respectively) across various sample sizes and estimation points
(corresponding to different problems) in Example 5.1. In Table 1, B and D are respectively the true values
and Opt-CFD is meant to set B and 62(6y) as their true values, i.e., B= —53+22067 and 62(6) = 0.05.
We take 50% of the total sample to estimate the unknown constants and set K = 10 for DSR-CFD method.

Table 1: Comparison of the bias, variance and MSE of the DSR-CFD and Opt-CFD estimators in Example
5.1.

Budget | x B D | Bias-DSR | Bias-Opt | Var-DSR Var-Opt MSE-DSR | MSE-Opt
0 =53 |22 | —-0.1335 | —0.0829 0.0117 0.0154 0.0295 0.0222
02| —442 | 22| —0.1356 | —0.0789 0.0115 0.0149 0.0299 0.0211
103 04 | —175 | 22 | —0.1264 | —0.0584 0.0105 0.0067 0.0265 0.0101
0.6 | 262 |22 0.0170 0.0693 0.0102 0.0101 0.0105 0.0149
0.8 | 87.8 |22 0.0658 0.1016 0.0163 0.0212 0.0206 0.0315
1 167 | 22 0.0991 0.1294 0.0217 0.0323 0.0315 0.0490
0 =53 | 22 | —0.0583 | —0.0415 0.0021 0.0031 0.0055 0.0049
02| —442 | 22 | —0.0558 | —0.0339 0.0021 0.0031 0.0052 0.0042
104 04 | —17.5 | 22 | —0.0544 | —0.0279 0.0017 0.0015 0.0047 0.0023
06 | 262 |22 0.0099 0.0343 0.0018 0.0021 0.0019 0.0033
0.8 | 87.8 |22 0.0340 0.0484 0.0033 0.0044 0.0044 0.0068
1 167 | 22 0.0549 0.0596 0.0055 0.0069 0.0085 0.0104
=53 | 22 | —0.0245 | —0.0196 | 4.5424e-04 | 6.7200e-04 0.0011 0.0011
02| —442 |22 | —0.0222 | —0.0179 | 4.2904e-04 | 6.3269¢-04 | 9.2243e-04 | 9.5076e-04
105 04 | —17.5 | 22 | —0.0208 | —0.0126 | 2.8572e-04 | 3.3534e-04 | 7.1882e-04 | 4.9412e-04
06 | 262 |22 0.0088 0.0150 | 3.4222e-04 | 4.2576e-04 | 4.1963e-04 | 6.4935e-04
0.8 | 87.8 |22 0.0200 0.0220 | 7.4610e-04 | 9.9544e-04 0.0011 0.0015
1 167 | 22 0.0270 0.0277 | 9.8655e-04 0.0015 0.0017 0.0023

From Table 1, we have the following observations:

* Bias: The bias is influenced by the signs of B and D. If B and D have the same (opposite) signs,
the absolute bias of the DSR-CFD method is smaller (larger) than that of the Opt-CFD method.
This aligns with Theorem 4 because ¢' Pc* is negative in our experiment. When B and D share
the same (opposite) signs, B and Dc ' Pc* exhibit opposite (same) signs.

* Variance: It is observed that as the sample size increases, the variance of the DSR-CFD estimator
consistently outperforms that of the Opt-CFD estimator, aligning with Theorem 4. For instance, at
x =1 with a sample budget of 10°, the variances for the DSR-CFD and Opt-CFD estimators are
9.8655 x 10~* and 0.0015, respectively.

* MSE: It is important to note that the bias and variance of the DSR-CFD estimator consistently
approximate and are smaller than those of the Opt-CFD estimator, respectively. Consequently,
when employing MSE as the error criterion, the DSR-CFD estimator consistently performs nearly
as well as (or even outperforms) the Opt-CFD estimator.
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Example 5.2 We consider a generic M /M /1 queueing system which is empty initially. Both of the arrival
distribution and the service distribution are the exponential distribution and the arrival rate and service rate
are denoted by A and p, respectively. Observations are the averaged system time of the first N customers
and we are interested in the gradient of this quantity w.r.t. the service rate. For this example, we consider
two cases.

* Case 1: We consider a critically loaded system, where we set A = =4 and N = 10. In this case,
the true derivative is —0.2501, which is calculated using the likelihood ratio/score function method
(Glynn 1990) with 10° simulation repetitions (Lam et al. 2022).

* Case 2: We consider a non-critically loaded queue, where we set A =3, u =5 and N = 10. In
this case, the true derivative is —0.1136.

Figure 1 illustrates the numerical results for different methods in Example 5.2 when the sample-pair
size changes from n = 60 to n = 1000. We compare the following three methods: The conventional CFD
(Con-CFD) method, EM-CFD method and DSR-CFD method. For the Con-CFD method, we do not know
any information about the model in advance and set B =5 and 62(6)) = 1. When considering the EM-CFD
method, we set r = 0.1 and generate hy,...,h, ey (0,1 X (rn)*l/s). When applying the DSR-CFD
method, we set K = 20 in the pilot phase and r = 1.

Case 1 Case 2
0.04 : r r 0.01 : r r
==DSR-CFD == DSR-CFD
| ~~EM-CFD ~EM-CFD
w 0.034 <}Con-CFD || L 0.00 & Con-CFD |
: :
5 5 0.006}
2 2
£ £0.004
» »
L L

200 400 600 800 1000
Sample size Sample size

Figure 1: Comparison of the MSE among different estimators for cases 1 and 2 in Example 5.2.

Figure 1 illustrates that the performance of the Con-CFD estimator is inferior to that of the other
two estimators. This observation emphasizes the importance of estimating unknown constants within
finite-difference methods. In case 1 of Example 5.2, the DSR-CFD estimator consistently yields the most
favorable results. For instance, with a sample-pair size of 60, the MSEs for the DSR-CFD and EM-CFD
estimators are 0.011 and 0.033, respectively. In case 2, the performances of these two estimators are
comparable. In conclusion, the DSR-CFD estimator performs well across various problems.

6 CONCLUSIONS

The choice of the perturbation significantly influences the accuracy of the finite-difference approximation
in stochastic gradient estimation. Although the order of the optimal perturbation is known, determining the
unknown constants remains a challenge. To address this issue and construct an efficient finite-difference
approximation, in this paper, we develop a double sample-recycling approach, which utilizes samples
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efficiently. We provide complete theoretical analyses, particular algorithms, and numerical experiments.
The theories and the findings of the numerical experiments are consistent. In particular, theoretical analyses
reveal that the proposed estimator has a reduced variance compared to the optimal finite-difference estimator,
and in some cases, a decrease in bias.
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